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Abstract

In this paper we bring in a new class of functions called g*A irresolute function and contra g*A
irresolute function, where g*A irresolute function is a weaker form of g*A continuous function
and contra g*A irresolute function is a weaker form of contra g* A continuous function.
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1. Introduction

In 1986, Maki [6] continued the work of Levine and Dunham on generalized closed sets and
closure operators by introducing the notion of A-sets in topological spaces. In 2008 M. Caldas,
S. Jafari and T. Noiri [8] introduced A generalized closed sets (Ag, A-g, gA) and their
properties. They also studied the concept of A closed maps. Recently, many authors
investigated some new maps and their notions via A open sets and A closed sets. In 2007
M.Caldas,S.Jafari and T. Navalagi [10] introduced the concept of A irresolute maps. The
notion of irresolute functions [7] was introduced and investigated by M.Caldas in 2000.

In this direction we establish a new class of function called g*A irresolute function and contra
g*A irresolute function. This new classes are the weaker forms of their continuous functions.
That is g*A irresolute function is a weaker form of g*A continuous function and contra g*A
irresolute function is a weaker form of contra g*A continuous function. Here we investigate
some of their fundamental properties and the connections between these maps and other
existing topological maps are studied.
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Throughout this paper (X,t), (Y,0) and (Z,m) (or simply X, Y and Z) will always denote
topological spaces on which no separation axioms are assumed unless explicitly stated.
Int(A),CI(A),Int) (A), Clxy(A),g*ACI(A) and g*Alnt(A) denote the interior of A, closure of

A, lambda interior of A, lambda closure of A, g*A closure of A and g*A Interior of A
respectively.

2. Preliminary Definitions

Let us recall some definitions in sequel which is useful for this paper.
Definition 2.1 A subset A of a space (X,t) is called

1) A semi open set [14] if A c CI(Int(A))

2) A pre open set [1]if A c Int(CI(A))

3) A regular open set [1] if A = Int(CI(A))

The complement sets of semi open (respectively preopen and regular open) are called semi
closed sets (respectively pre closed and regular closed). The semi closure (respectively pre
closure) of a subset A of X denoted by sCI(A),(pCI(A))is the intersection of all semi closed
sets (pre closed sets) containing A.

Definition 2.2 A topological space(X,t ) is said to be

1) a generalized closed [3] if CI(A) c U, whenever A c U and U is open in X.

2) a subset A of a space X is called A-closed [6] if A = BnC, where B is a A-set and
C is a closed set.

3) a subset A of X is said to be a Agclosed set [8] if CI(A)cU whenever AcU, where U
is A open in X.

4) a subset A of X is said to be a g*A closed set [21] if Cl,(A)cU whenever AcU,
where U is semi open in X.

The complement of above closed sets is called its respective open sets.

The g*A closure (respectively closure, A closure) of a subset A of X denoted by
g*ACI(A),(CI(A),CIA A)is the intersection of all g*A closed sets (closed sets, A closed sets)
containing A.

The g*A interior  (respectively interior,Ainterior) of a subset A of X denoted by
g*AInt(A),(Int(A),IntA (A)) is the union of all g*A open sets (open sets,A open sets) containing
A.

Definition 2.3 A space (X,t) is called

()[15]a T,,, Space if every g closed subset of X is closed in X, (ii)[13]a T§ Space if every §
closed subset of X is closed in X, (iii)[13] T, space if every g*- closed subset of X is closed in
X.
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Lemma 2.4 [3]
1) Every A-set is a A-closed set,
2) Every open and closed sets are A-closed sets.

Proposition 2.5 [21] In a topological space (X,t),the following properties hold:
1) Every closed set is g*A closed,
2) Every open set is g*A closed,
3) Every A closed(A open) set is g*A closed(g*A open),
4) Union (intersection)of g*A closed (g*A open) sets is not g*A closed(g*A open),
5) In T, space every g*A closed set (g*A open) is A closed(A open),
6) In Partition space every g*A closed(g*A open) set is g closed(g open),
7) In a door space every subset is g*A closed (g*A open), and
8) In T,, space every subset is g*A closed(g*A open).

Definition 2.6 A function f:(X,t)——(Y,oc) is called

1) [8]A closed if f(F) is A closed in (Y,o) for every A closed set F of (X,7),

2) [14] semi continuous if f*(V) is semi open in (X,t) for every open set Vin (Y,o),

3) [3, 9] A continuous if f*(V) is A open (A closed) in (X,tr )for every open (closed)
set V in (Y,0),

4) [2] contra continuous if (V) is open (closed) in (X,t) for every closed (open) set
Vin (Y,0),

5) [5] contra semi continuous if (V) is semi open (semi closed) in (X,t ) for every
closed (open) set V in (Y,o0),

6) [11] contra A continuous map if F*(V) is A open (A closed) in (X,t) for every
closed (open) set V in (Y,o0),

7) [18] irresolute if for any semi open set S of (Y,o),f*(S) is semi open in (X,t),

8) [1] gc irresolute if the inverse images of g closed sets in(Y,c) are g closed in (X,t),

9) [10] A irresolute if the inverse image of A open sets in Y are A open in (X,t)

Lemma 2.7 [11]

A space (X,t) is said to be AS-space if every A open subset of X is semi open in X.
A space (X,t) is said to be A-space if every A closed(A open) subset of X is closed(open)
in X,

M.Caldas and S.Jafari introduced A T,, A- T,, A-T, and AR, spaces. It is also proved that a
space X is A T, ifand only if X is T, and also observed that T, = A-T, = A-T, = A-T,.
Recall that a topological space X is said to be
1) [10]r To(resp A- T,) if for x,y € X such that x=y there exist a A- open set U of X
containing x but not y or (resp and) a A-open set V of X containing y but not x.
2) [10]A T, if for x,y € X such that x= y there exist a A- open set U of X containing
x and a A-open set V of X containing y such that Un V = 0.
3) [10]AR, if every set contains the closure of its singletons.
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3. g*A Irresolute Map

Definition 3.1
1) Amap f:(X,t)——(Y,o) is called g*A irresolute map if the inverse image of each
g*A closed set in Y is g*A closed in X.

2) A map fi(X,t)——(Y,o) is called contra g*A irresolute map if the inverse image of
each g*A closed set in Y is g*A open in X.

Theorem 3.2 A map f:(X,t )——(Y,0) is g*Airresolute if and only if the inverse image of
each g*A open set in Y is g*A open in X.

Proof: Let U be a g*A open set in Y. Then XrU is g*A closed set in Y. By definition
P (Xr U)=Yr f'(U) is g*Aclosed set in X. Thus f*(U) is g*A open set in X.

Converse is easy to prove.

Theorem 3.3 A map f:(X,t )——(Y,o) is contra g*A irresolute if and only if the inverse
image of each g*A open set in Y is g*A closed in X.

Proof: Let U be a g*A open set in Y. Then XrU is g*A closed set in Y. By definition
f*(Xr U)=Yr f*(U) is g*A open set in X. Thus

In similar lines Converse is proved.

Definition 3.4 A topological space (X,t ) is said to be a g*A space if the union
(intersection) of g*A closed (g*A open) sets is g*Aclosed (g*A open)and the in-
tersection(union) of g*A closed (g*A open) sets is g*Aclosed (g*A open).

Theorem 3.5 For a bijective function f:(X,tr )——(Y,c), the following are equiv- alent.
Assume that (X,t) is a g*A space.

(i) fis contra g*A irresolute.

(if) Forevery g*A open subset F of Y, f*(F) is g*A closed in X.

(iii) For each x € X and each g*A closed subset F of Y with f(x) € F, there exist a g*A

open set U of X with x € U, f(U) € F.
Proof:

(i) «— (ii) theorem [3.3]

(i) == (iii) Let F be any g*A closed subset of Y and let f(x)e F where x € X.

Then by (ii) f*(F) is g*A open in X. Also xef™*(F). Let U=f"*(F). Then

U is g*A open set containing x and f(U)C F.

(ili) == (i) Let F be any g*A closed subset of Y. If xef™*(F),then f(x)eF.

Hence by (iii), there exist a g*A open set U, of X with xe U, such that f(U,)CF. Then
1 (F)=U{U,xe f*(F)} and hence by assumption f*(F)

is g*A open in X.

Theorem 3.6 Every g*A irresolute function is contra g*A continuous function
Proof: Let a function f:(X,t)-—(Y,c) be g*A irresolute and let F be a open set in (Y,o0),

by proposition 2.5 F is also g*A closed in Y. Since f:(X,t)——(Y,0) is a g*A irresolute
function, f*(F) is g*A closed in (X,t). Thus fis a contra g*A continuous function.
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Converse need not be true as seen from the following example.

Example 3.7 Let X =Y = {a,b,cde} and (X,;t) = {0,X,{a}, {b}, {ab},
{b,c},{a,b,c},{b,c,d},{a,b,c,d}, {b,c,d,e}}, (Y, o) ={D, Y, {a}, {b,c,d},{a,b,c,d},
{b,c,d,e}}. The identity function f:(X,r) —— (Y,0) is a contra g*A continuous
function but not g*A irresolute functions as A={b,d} is g*A closed in (Y,o) but
f*(A) = {b,d} is not g*A closed in (X,7).

Theorem 3.8 Every contra g*A irresolute function is contra g*A continuous function.
Proof: Let a function f:(X,t)——(Y,c) be contra g*A irresolute and let F be a open set in
(Y,0), by proposition 2.5 F is also g*A open in Y. Since f:(X,t )——(Y,0) is a contra g*A
irresolute function, f*(F) is g*A closed in (X,t). Thus fisa contra g*A continuous function.
Converse need not be true as seen from the following example.

Example 39Let X =Y = {ab,cde} and (X,r) = {0,X,{a}, {b}, {ab},
{b,c},{a,b,c},{b,c,d},{ab,c,d}, {b,c,de}}, (Y, o) ={D,Y, {a}, {b,c,d},{a,b,c,d},
{b,c,d,e}}. The identity function f:(X,r) —— (Y,0) is a contra g*A continuous
function but not contra g*A irresolute functions as A={b,d} is g*A closed in
(Y,0) but f*(A) = {b,d} is not g*A open in (X,t).

In a similar way we can prove the following theorems.

Theorem 3.10

Every g*A irresolute function is g*A continuous function.

Every contra g*A irresolute function is g*A continuous function

Converse of the above statements need not be true as seen from the following examples.

Example 3.11 Let X =Y = {ab,c,de} and (X,t) = {F, X, {a}, {b}, {ab},{ab,e},
{a,b,d,e}, {ab,ce}}, (Y,0) = {D)Y, {a}, {b}, {ab}, {cd}, {ac,d}{b,cd}, {cd.e},
{a,b,c,d}, {ac,d.e}, {b,c,de}}. The identity function f:(X,t)-— (Y,0) is a g*A
continuous function but not g*A irresolute functions asA={b,c} is g*A closed in (Y,o)
but f*(A) = {b,c} is not g*A closed in (X,7).

Remark 3.13 g*A irresolute function and A irresolute function are independent.
It can be seen from the following example.

Example 3.14 Let X =Y = {a,b,c,d,e} and (X, t ) ={d,X,{a}, {b,c,d},{a,b,c,d}},(Y,0) =
{D,Y, {a}, {b}, {a,b}, {b,c}, {a,b,c}, {b,c,d}, {ab,c,d}, {b,c,d,e}}. The identity function
f:(X,r) — (Y,0) is g*A irresolute functions but not A irresolutefunction as A={a,c,d} is
A closed in (Y,o) but f*(A) = {a,c,d} is not A closedin (X,t).

Example 3.15 Let X = Y = {ab,c,de} and (X, © ) = {D,X, {a}, {b}, {ab},{b,c},
{a,b,c}, {b,c,d}, {ab,c,d}, {b,cde}}, (Y,0) = {F,Y,{a}, {b,c,d},{a,b,c,d}}.The identity
function f:(X,t) —— (Y,0) is A irresolute function but not g*A irresolute function as
A={b,d} is g*A closed in (Y,s) but f*(A) = {b,d} is not closed in (X,7).
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Theorem 3.16 Every g*A irresolute function f:(X,t)——(Y,c) is A irresolute function if
(X,t) is a T, space.

Proof: Let F be a A closed set in (Y,s). By proposition 2.5 F is a g*A closed set in
(Y,0). Since fis a g*A irresolute function, f*(F) is g*A closed in (X,t). Now f*(F) is A
closed in X by proposition 2.5, as (X,t) is T, space .Thus fis a A irresolute function.

In a similar way we get,

Theorem 3.17 Every A irresolute function f:(X,t)——(Y,c) is g*A irresolute function if
(Y,0) is a T, space.
Proof: Proof follows by proposition 2.5.

Theorem 3.18 Every g*A irresolute function f:(X,t)——(Y,c) is generalised continuous
function if (X,t) is partition space.

Proof: Proof follows as in partition-space every g*A closed set is g closed (by proposition
2.5).

Theorem 3.19 Every g*A irresolute function f:X-— Y is semi continuous func- tion, if X
is a T, space and AS- space.

Proof: Let F be a open set in (Y,0). By proposition 2.5 F is a g*A open setin Y. Since
f.(X,;t ) ——(Y,0) is g*A irresolute function, we get f*(F) is g*A open in (X,t). By
proposition 2.5 f*(F) is A open in X, as (X,t) is T, space. Also since (X,t) is a AS space
f*(F) is semi open in X by lemma 2.7. Thus fis a semi continuous function.

Theorem 3.20 Every g*A irresolute function f:X—— Y is continuous function, if X isa T,
space and A- space.
Proof: It follows as in A space every A open set is open ( by lemma 2.7).

Lemma 3.21 [21] Let F €A <X, where A is open in X. If F is g*A closed in
X, then F is g*A closed in A.

Theorem 3.22 If a function f:(X,t)——(Y,c) is a g*A irresolute function and A is a open
subset of X, where X is assumed to be a g*A space, then the restriction f,:A—— Y is also
g*A irresolute..

Proof: Let V be a g*A closed set of Y and A be a open subset of X. As every open set is
g*A closed by proposition 2.5, A is g*A closed in X. Since f is g*A irresolute (V) is g*A
closed in X. By assumption we have f*(V) n A is g*A closed in X. Since f*(V) nAC AcC
X where A is a open subset of X, by lemma

321 (V) n A = (fa *(V)) is g*A closed in A. Thus the restriction f,:A-— Y is g*A
irresolute.

4. Conclusion
We believe that topological structure will be an important base for modification of knowledge

extraction and processing. The notions of sets and functions in topological spaces, ideal
topological spaces, minimal spaces and ideal minimal spaces are extensively developed and used
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in many engineering problems, information systems, particle physics, computational topology
and mathematical sciences. By researching generalizations of closed sets in various fields in
general topology, some new separation axioms have been founded and they turn out to be useful
in the study of digital topology. Therefore, all sets defined in this paper will have many
possibilities of applications in digital topology and computer graphics
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