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Abstract 

Acid lowers the pH levels in water bodies below what is required for survival of aquatic life and 

increases the toxicity of metals. For this effect, a mathematical model has been proposed using a 

system of non-linear ordinary differential equations with four state variables. The dependent 

variables are amount of acid and metal in water, density of favorable resources (phytoplankton), 

density of fish population and nutrient concentration under the assumption that the amount of 

metal present in water is less than the amount of acid present in water. Conditions for local 

stability and feasible equilibrium points have been determined. Nonlinear stability analysis of the 

non-trivial equilibrium points has been discussed and it was found that system of the differential 

equations show more feasible results if the crowding effect is incorporated for fish population. 

Further it was also observed that, nutrients play important role for the growth and survival of the 

species. Conditions for the existence of the equilibrium points have been drawn and the criteria 

for the survival or the extinction of the species have been obtained using numerical simulation. 

Stability of the system is explained analytically as well as graphically. 
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1. Introduction 

 
Acid precipitation, either falling directly on aquatic bodies or what gets run off the forests, fields 

or roads may cause increased levels of acid in water bodies. The acid accumulation over a period 

of time lowers the overall pH. The aquatic plants and animals require pH of around 4.8. Any 

lower value makes the conditions hostile for survival. Metal are introduced in aquatic life 

through weathering of soils, rocks from volcanic eruption and mining. The most common source 

in fresh water bodies is mining. Metals are highly soluble in acid solution. The drainage process 

from ores releases heavy metals and the acid solution is dispersed in the groundwater with high 

levels of metal. When the pH levels of waterfall decreases, metal solubility increases causing 

toxicity of metals to increase. However, some metals like manganese, iron, copper and zinc are 

essential micronutrients in the right concentrations but in excess become toxic. Also, it is known 

that fish species vary widely in the rates at which they excrete nutrients like nitrogen and 

phosphorus. Hence altering communities may have an effect on nutrient cycling. Fish store a 

large portion of ecosystem nutrients in their tissues, transporting them farther and faster than 

other aquatic animals. They also excrete dietary nutrients in dissolved forms making them 

available to producers. Nutrient cycling provides a quantitative basis linking population and eco 

functioning. Taking these factors a mathematical model has been proposed incorporating 

crowding effect of fish. A system of non-linear differential equations including state variables- 

nutrients, favorable resources, fish population, acid and metal concentrations have been analyzed 

both mathematically and by numerical simulation. The feasible equilibria and Lyapunov’s 

stability conditions have been determined. 

 

2. Mathematical Model  
 

In the model we consider, 𝑆(𝑡) is the concentration of nutrient in the water, 𝑃(𝑡) is the density of 

favorable resources, 𝐹(𝑡) is the density of fish population, 𝑇(𝑡) is the concentration of acid in 

water and metal in water where (0 < 𝑞 < 1). Mathematical model of the governing system 

having the above mentioned four state variables is structured as follows: 
𝑑𝑆

𝑑𝑡
 = 𝑆0 − 𝑎𝑆 − 𝑔𝑆𝑃 − 𝛼(𝑇1 + 𝑞𝐶𝑚)𝑆 + 𝐾𝑐𝑃 + 𝐾𝑏𝐹 + 𝐾1𝐹2                                                    (1)   

𝑑𝑃

𝑑𝑡
 = 𝑔𝑆𝑃 − 𝑐𝑃 − 𝑓𝐹𝑃                                                                                                                  (2) 

𝑑𝐹

𝑑𝑡
 = 𝑓𝑃𝐹 − 𝑏𝐹 − 𝐾𝐹2                                                                                                                 (3) 

𝑑(𝑇1+𝑞𝐶𝑚)

𝑑𝑡
= 𝑄0 − 𝛼(𝑇1 + 𝑞𝐶𝑚) − 𝛼1 (𝑇1 + 𝑞𝐶𝑚)𝑆                                                                  (4) 

 

With the initial conditions:  
𝑆(0) = 𝑆10 > 0, 𝑃(0) = 𝑃10 > 0, 𝐹(0) = 𝐹10 > 0, 𝑇(0) = 𝑇10 > 0 

 

Where, 

𝑆0, 𝑎, 𝑏, 𝑐, 𝑓, 𝑔, 𝛼1, 𝛼,  𝑄0, 𝐾,   𝐾1 are positive constants. Now Considering 

         𝑇 = (𝑇1 + 𝑞𝐶𝑚)                                                                                                                  (A) 

 

Then the System reduces to- 

 
𝑑𝑆

𝑑𝑡
 = 𝑆0 − 𝑎𝑆 − 𝑔𝑆𝑃 − 𝑇𝑆 + 𝐾𝑐𝑃 + 𝐾𝑏𝐹 + 𝐾1𝐹2                                                                   (1A)   
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𝑑𝑃

𝑑𝑡
 = 𝑔𝑆𝑃 − 𝑐𝑃 − 𝑓𝐹𝑃                                                                                                               (2A) 

𝑑𝐹

𝑑𝑡
 = 𝑓𝑃𝐹 − 𝑏𝐹 − 𝐾𝐹2                                                                                                              (3A) 

𝑑𝑇

𝑑𝑡
= 𝑄0 − 𝛼𝑇 − 𝛼1 𝑇𝑆                                                                                                             (4A) 

 

With the initial conditions:  
𝑆(0) = 𝑆10 > 0, 𝑃(0) = 𝑃10 > 0, 𝐹(0) = 𝐹10 > 0,  𝑇(0) = 𝑇10 > 0 

 

Where, 𝑄0  is the constant input rate of pollutant in the water, 𝑆0 is the constant nutrient in the 

water,  𝑎 is the nutrient leaching rate, 𝑔 is the rate of consumption of nutrient by resource, 𝛼1 is 

the depletion rate of nutrient due to pollution concentration in the water, 𝑓 is the specific rate of 

predation of fish on resource,  𝑐 is the natural death rates of resource, 𝑏 is the natural  death rates 

of fish population, 𝛼  is the natural washout rate of pollutant from the water and 𝐾(0 < 𝐾 < 1) 

determines a proportionate amount of resource and fish population that is being recycled back to 

the nutrient pool after death, 𝐾1 is the crowding effect of fish in water. 

 𝑆0, 𝑎, 𝑏, 𝑐, 𝑓, 𝑔, 𝛼1, 𝛼, 𝑄0, 𝐾, 𝐾1 are positive constants        

                

3. Boundedness and Dynamical Behaviour 

 

The boundedness of solutions of the model (1A) - (4A) is given by the following lemma 

 

Lemma 1: All the solutions of the model (1A) - (4A) will lie in the region:- 

 A={( 𝑆, 𝑃, 𝐹, 𝑇 ) 𝜖 𝑅+
4   0 ≤  

𝑆0+𝑄0

𝛳1
 ≤ 𝑆 + 𝑃 + 𝐹 + 𝑇;0 ≤ 𝑆 + 𝑃 + 𝐹 ≤

𝑆0

𝛳
 ; 0 ≤ 𝑇 ≤

𝑄0

𝛼
 }as 

𝑡 → ∞ for all positive initial values { 𝑆10 , 𝑃10, 𝐹10, 𝑇10} ϵ 𝑅+
4  where θ = min [ (1 − 𝐾 )𝑐, ( 1 −

𝐾 )𝑏 ] and 𝛳1 = max[ ( 𝑎 + 2𝛼1
𝑄0

𝛼
), 𝑐, 𝑏, 𝛼 ] 

 

Proof: Let us consider the following function  

 𝑊(𝑡) = 𝑆(𝑡) + 𝑃(𝑡) + 𝐹(𝑡) 

From equation (1A) - (3A) and if 𝜃= min [(1 − 𝐾 )𝑐, ( 1 − 𝐾 )𝑏 ] then we obtain 𝑊(𝑡) ≤  𝑆0 −
𝛳𝑊 

Then by usual comparison we get the following result as 𝑡 → ∞ 

𝑊(𝑡) ≤  
𝑆0

𝛳
⇒ 𝑆(𝑡) + 𝑃(𝑡) + 𝐹(𝑡) ≤  

𝑆0

𝛳
   and  𝑇 ≤

𝑄0

𝛼
   

Again, we consider the following function: 

𝑊1(𝑡)=   𝑊(𝑡) + 𝑇(𝑡)              

From equations (1A) - (4A), and if 𝛳1 = max [(𝑎 + 2𝛼1
𝑄0

𝛼
), 𝑐, 𝑏, 𝛼 ) ] 

Then we obtain the following expression  

𝑊1(𝑡) ≥  𝑆0 + 𝑄0 − 𝛳1 𝑊1 

Then by usual comparison, we get 𝑡 → ∞ 

𝑊1(𝑡) ≥  
𝑆0+𝑄0

𝛳1 
⇒ 𝑆(𝑡) + 𝑃(𝑡) + 𝐹(𝑡) + 𝑇(𝑡)  ≥  

𝑆0+𝑄0

𝛳1 
   

 From equation (4A) we have 𝛼𝑇(𝑡) ≤ 𝑄0 ⇒ 𝑇(𝑡) ≤  
𝑄0

𝛼
. Hence the proof of the lemma 
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4. Equilibrium 

 

Now we will discuss the uniform equilibrium points and interior equilibrium point. The model 

has the following set of non-negative equilibrium points. 

 

i) The first equilibrium point 𝐸1:(�̃� ≠ 0, �̃� = 0, �̃� = 0, �̃� ≠ 0) 

          where �̃� = 
𝑆0

𝑎+𝛼𝑇
 and �̃� is given by �̃� = 

−𝑔2+√𝑔2
2−4𝑔1𝑔3

2𝑔1
 > 0 

         here 𝑔1 =α, 𝑔2 = 𝑎 − 𝑄0𝛼2, 𝑔3 = −(𝑄0𝑎𝛼 + 𝛼1𝑆0) 

         If √𝑔2
2 − 4𝑔1𝑔3 > 𝑔2 ,  −4𝑔1𝑔3 > 0 

 

ii) The second equilibrium 𝐸2: (𝑆̅ ≠ 0, �̅� ≠ 0, �̅� = 0, �̅� ≠ 0) 

            where, 𝑆̅ =  
𝑐

𝑔
 , �̅�=   

 𝑄0

𝑔𝛼+𝛼1𝑐
   and  �̅� =

𝑆0𝑔(𝑔𝛼+𝛼1𝑐)−[𝑎𝑐(𝑔𝛼+𝛼1𝑐)+𝛼𝑄0𝑔2]

(1−𝐾)𝑐𝑔(𝑔𝛼+𝛼1𝑐)
 

            If  𝑆0𝑔(𝑔𝛼 + 𝛼1𝑐) >  𝑎𝑐(𝑔𝛼 + 𝛼1𝑐) + 𝛼𝑄0𝑔2 

 

iii) Interior equilibrium 𝐸3: (𝑆∗ ≠ 0, 𝑃∗ ≠ 0, 𝐹∗ ≠ 0, 𝑇∗ ≠ 0) 

              where,  𝑃∗ =
𝑏+𝑘𝐹∗

𝑓
 ,𝐹∗ =

𝑔𝑆∗−𝑐

𝑓
 ,𝑇∗ =

𝑄0

𝛼+𝛼1𝑆∗ and 𝑆∗=
𝑆0+𝑘𝑐𝑃∗+𝐾𝑏𝐹∗+𝐾1𝐹2

𝑎+𝑔𝑃∗+𝛼𝑇∗  

  𝑆∗ =  
−ℎ2+√ℎ2

2−4ℎ1ℎ3

2ℎ1
   > 0 

where, ℎ1 = 𝑎𝑓𝛼1 + 𝑔𝑏𝛼1 − 𝐾𝑏𝑔𝛼1 

           ℎ2 = 𝑎𝑓𝛼 + 𝑔𝑏𝛼 + 𝛼𝑄0𝑓 − 𝑘𝑏𝑔𝛼 − 𝛼1𝑆0𝑓 − 𝐾𝑐𝑏𝛼1 + 𝐾𝑏𝑐𝛼 

           ℎ3 = −𝑆0𝑓𝛼 

  If  √ℎ2
2 − 4ℎ1ℎ3 > ℎ2 ⇒ −4ℎ1ℎ3 > 0 

 

Now we will discuss the local behavior of the dynamical system (1A)-(4A) around the 

equilibrium  

𝐸𝑖(𝑖 = 1,2,3) 

 

5. Numerical Example   

 

Consider the following set of parameters: 

 
𝑆0= 1, 𝑄0= 1 , 𝑎= 0.1, 𝑏= 0.1, 𝑐= 0.1, 𝐾= 0.01,𝑓= 0.09, 𝑔 = 0.08,  𝛼1 = 0.35, 𝛼 = 0.3, 

𝐾1= 0.005, 𝜃 = 0.099, 𝛳1= 2.43333 

 

 The region of attraction is:            

(𝑆, 𝑃, 𝐹, 𝑇 )𝜖 𝑅+
4   0 ≤  0.821929067 ≤ 𝑆 + 𝑃 + 𝐹 + 𝑇; 0 ≤ 𝑆 + 𝑃 + 𝐹 ≤ 10.101010 ;0 ≤ 𝑇 ≤

3.333 ; and the interior equilibrium of the model is 𝐸3=(2.00787,1.1860,0.6744711,0.996936) 
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The time series plot and the phase space are shown in Figure 1 and Figure 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: The variation of Nutrient, Resource, Fish and the Toxicants with time 

 

 
Figure 2: The interaction between the Nutrient and the Resource, Nutrient and the Fish, Resource 

and the Fish and between Nutrient, Resource and Fish 
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6. Conclusions  
 

From the above analysis it can be concluded that toxicity in the nutrient pool causes increase in 

equilibrium level of resource and fish populations. The interior equilibrium exists only when the 

non-living equilibrium and fish extinct equilibrium are unstable. The non-living equilibriums are 

stable, if the equilibrium level of concentration of nutrient in water is less than the fraction of 

natural death rate of resource biomass to the rate of consumption of nutrient by the resource 

population. The fish extinct equilibrium is stable, if the equilibrium level of resource population 

in water is less than fraction of natural death rate of fish population to the specific rate of 

predation of fish on resource population. Interior equilibrium is locally as well as non-linearly 

asymptotically stable under certain conditions .The interior equilibrium is sensitive to specific 

rate of predation of fish on resource population. In the numerical example, for a set of 

parameters, interior equilibrium points for all the four state variables are calculated. It has been 

observed that even in the numerical simulation, the variables have reached the equilibrium 

points. Hence the calculated and the simulated values match with each other. Also the 

interactions between the variables have been studied in the form of phase plots. 
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