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ABSTRACT
In 1916, Ramanujan’s showed the spt-crank for marked overpartitions. The corresponding special

functions (z X), S1(z.x) and S2(z,x) are found in Ramanujan’s notebooks, part 111.

In 2009, Bingmann, Lovejoy and Osburn defined the generating functions for spt(n)’

Sptl(n) and sptz(n). In 2012, Andrews, Garvan, and Liang defined the sptcrank in terms of partition
pairs. In this article the number of smallest parts in the overpartitions of n with smallest part not
overlined, not overlined and odd, not overlined and even are discussed, and the vector partitions and

S. partitions with 4 components, each a partition with certain restrictions are also discussed. The
s_pt(n) spt,(n) , sptz(n)’ Mg (m.n) , Ms,(m.n) Mg, (m.n) are shown with the
M (m,n) Mg (m,n)

generating functions

corresponding results in terms of modulo 3, where the generating functions
Ms, (m.n) are collected from Ramanujan’s notebooks, part 111. This paper shows how to prove the

= M_ (m,n
Theorem 1 in terms of Ms(m,n) sl( )

Mg, (M, n)

,Theorem 2 in terms of and Theorem 3 in terms of
respectively with the numerical examples, and shows how to prove the Theorems 4,5 and 6
with the help of sptcrank in terms of partition pairs. In 2014, Garvan and Jennings-Shaffer are able
to defined the sptcrank for marked overpartitions. This paper also shows another results with the help

of 6 SP -partition pairs of 3, help of 20 SPl-partition pairs of 5 and help of 15 SP, -partition pairs of
8 respectively.
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1. INTRODUCTION

In this paper we give some related definitions of spt(n), s_ptl(n) , S_ptz(n), various product notations,
vector partitions and S - partitions, Mg(m,n) , Mg(m,t,n), Mg (m,n), Mgl(m,t,n), Mg, (m,n)
, Mg(m,t, n), S (z, X), §1(z, X),gz(Z, x), marked partition and sptcrank for marked overpartitions.

We discuss the generating functions for spt(n), spt,(n) , spt,(n) and prove the Corollaries 1, 2 and 3
with the help of generating functions for Mg (m,n), M (m,n) and Mg (m,n) respectively. We prove

the Results 1, 2 and 3 with the help of 8 vector partitions from S of 3, from §1 of 3 and of 3 vector
partitions from S, of 4 respectively. We prove the Theorems 1, 2 and 3 with the help of various
generating functions and establish the Corollaries 4, 5 and 6 with the

help special series S (z,x), Si(z,x) and S2(z, x) respectively, where the special series S (z,x),
S1(z,x) and S2(z, x) are collected from Ramanujan’s notebooks, part 111 , and prove the Theorems 4,
5 and 6 with the help of sptcrank in terms of partition pairs (A,,A,) when 0<s(},) <s(),). We

-

establish the Results 4, 5 and 6 using the crank of partition pairs A =(4,,4,) and analyze the

Corollaries 7,8, and 9 with the help of 42 marked overpartitions of 6, 36 marked overpartitions of 6, 260
marked overpartitions of 10 respectively.

2. SOME RELATED DEFINITIONS

s_pt(n) : The number of smallest parts in the overpartitons of n with smallest part not overlined is denoted
by spt(n) for example; spt(l) =1,spt(2) =3, spt(3) =6, spt(4) =13 ...
S_ptl(n): The number of smallest parts in the overpartitons of n with smallest part not overlined and odd is
denoted by spt,(n), for example; spt, (1) =1, spt,(2) =2, spt,(3) =6, spt, (4) =10 ...
@(n): The number of smallest parts in the overpartitions of n with smallest part not overlined and even
is denoted by spt,(n) for example; spt,(1) =0, spt,(2) =1, spt,(3) =0, spt,(4) =3 ..
Product Notations:

(x), =1-x)1-x*)(1-x%...

(X% x%), =(1-x*)1-xH...

(x), =(1—x)1-x)L-x%)...A-x")

(—x%;X), = @+ X)L+ x> A+ x")...

Where |x| <1.

Vector Partitions and S - partitions [5]:
A vector partition can be done with 4 components each partition with certain restrictions.
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N
Let V = D x P x P x Dwhere D denotes the set of all partitions into distinct parts, P denotes the set of
all partitions. For a partition 7, we let s(7z) denote the smallest part of 7z (with the convention that

the empty partition has smallest partco), # () the number of parts in 7, and |7r| the sum of the parts
of .

#(my)-1

For 7_; = (7, 70,, 703, 70,) 6\7, we define the weight w(7) = (-1) , the crank

c(7) =#(rr,)~# (), the norm ‘Z

= | + || + 7 + |7

—

We say & is a vector partition of n if {z|=n. Let S denote the subset of V and it is given by

S= {(ﬂl,ﬂz,ﬂs,ﬁ4) e\7,1£ S(m,) <o,8(m,) < s(7,),s(m,) < s(7;),8(7,) < S(7r4)}.

M (m,n) : The number of vector partitions of n in S with crank m counted according to the
weight o is exactly M (m,n).
M (m,t,n): The number of vector partitions of nin Swith crank congruent to m modulo t
counted according to the weight @ is exactly M (m,t,n).
Let S_l denote the subset of S with 5(7[1) odd.
Mgl(m, n) : The number of vector partitions of n in S1 with crank m counted according to
the weight @ is exactly Mg (m,n).
Mg, (m,t,n) : The number of vector partitions of n in Sywith crank congruent to m
modulo t counted according to the weight e is exactly Mg (m,t,n).
Let 8_2 denotes the subset of S with S(ﬂ'l) even.
M§2 (m, n): The number of vector partitions of n in S, with crank m counted according to the weight
o is exactly Mg (m,n).
M§2 (m,t,n) : The number of vector partitions of n in §z with crank congruent to m modulo t
counted according to the weight @ is exactly M (m,t,n).
S (z,x): The series S (z, ) is defined by the generating function for M (m, n)
= X (X" X)) (XTEX), & 8
. 5(20 = le (EX"; X)w()Z‘EX";X): ) ;mZmMg(m’ "
Si1(z,x): The series Si(z,x) is defined by the generating function for M (m,n);

_ 0 2n+le  ,2n+2. 2n+2. o ®
Sl(Z’X)Z z X ( X ,X)oo(x ,X)OO - Z Z Mgl(m,n)zmxn

= (@MX),(27XX),, " e

§z (z, x): The series §2 (z, x) is defined by the generating function for M§2 (m,n)
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2n 2n+1 2n+1
2 v XXX (XTTEX), o < myn
e, S2(2,%) =) 0 (o Y. 2 M (mn)z"x".
n=1 1 s 1 © n=l m=-w

Marked Partition [1]: We define a marked partition as a pair (4,k) where A is a partition and k is an
integer identifying one of its smallest parts i.e. k =1, 2, ... v(L), where v(L) is the number of smallest
parts of A .

Wfor Marked overpartitions[6]: We define a marked overpartitions of n as a pair (r, j) where ©
is an overpartition of n in which the smallest parts is not overlined and j is an integer 1< j<v(x), where
v(m) is the number of smallest parts to w. It is clear that sﬁ(n) = # of marked overpartitions (, j) of n.
For example; there are 3 marked overpartitions of 2

Like- (2,1),(1+1,1),(1+1,2) so that spt(2)=3.

Again there are 6 marked overpartitions of 3 like- (3,1), (2+1,1), (5 +1,1), (1+1+1,1) (1+1+1,2) and
(1+1+1,3) s0 that spt(3) = 6.

3. THE GENERATING FUNCTION FOR spt(n)

s_pt (n) is the number of smallest parts in the overpartitons of n with smallest part not overlined like-
Table-1

N | The type of smallest parts in the overpartitons of n s_pt(n)
1[4 1

2 12, 1+1 3

3 13 2+ 2+1 i+i+i 6

4 | 4,3+1 341, 2+2, 2+1+4, 2+1i+1+1, i+i+i+1 |13

We make the expression
spt()x + spt(2)x? + spt(3)x® + spt(4)x*+....
=1.X+3.X° +6.X° +13.x* +22.x° +42.x° +.....

_ X+ XY@+ x%)..... XL+ x3) @+ xY)..... 4. [Andrews etal (2013)]
1-x)2(1L-x*)L-x3)...... (1-x*)’(1-x3)L-xY)......
X (—x%;X),, X2 (=x%x),,

TGN, A-X0N),
© Xn(_)(nJrl;X)OC
S @-x")P(x"5x),
0 Xn(_xn+1;x) o N
©__ =% spt(n)x".
; (1_Xn)2(xn+l;x)OO ; p( )
From above we get; s_pt(3) =6, S_pt(G) =42,....

i.e. spt(3.1) =6 =0 (mod 3), spt(3.2) =42=0 (mod 3), ....
We can conclude that;
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spt(3n) =0 (mod 3), for n>o0.

3.1. THE GENERATING FUNCTION FOR spt,(n)

S_ptl(n) is the number of smallest parts in the overpartitons of n with smallest part not overlined and odd
like- Table-2

n | The type of smallest parts in the overpartitions of n ﬁ(n)
114 1

2 | 1+1 2
313 2+1 2+1 i+i+1 6

4 | 3+1 3+1, 2+1i+1 2+i+1, i+1+i+1 10

We make the expression

spt, (1) x + spt, (2)x* +spt, (3)x® + spt, (4) x*+...

=x%+2x% +6x3 +10.x* +20x°> +36.X° +...

o xX(-x%x),, X (=x*;x),, X°(=x%;x),,

@000, @R, @) (),
x 2 (_X2n+2; X)..

= Z (l— X2n+1)2 (X2n+2; X)

+..[Lovejoy et al (2009)]

0 X2n+l(_X2n+2; X) 00 .
z = spt,(n)x".
; (1_ X2n+1)2(x2n+2; X) ; ptl( )
From above we get ﬁ((ﬂ) =6, E(G) =36,...
i.e., spt,(3.1)=6=0 (mod 3), spt,(3.2)=36=0 (mod 3), ...
We can conclude that
spt,(3n) =0 (mod 3), for n>o0 ( [4])
From above we get ﬁ(l) =1, E(Q) =165,...
i.e. spt,(1)=1=1 (mod 2), spt,(3*)=165=1 (mod 2), ...
We can conclude that
ﬁ(n) =1 (mod 2), if n is an odd square.
Again we get;
spt,(5) =10, spt, (10) = 260,...
i.e. spt,(5.1) =10=0 (mod 5), spt,(5.2) =260=0 (mod 5), ...
We can conclude that;
spt,(5n) =0 (mod 5).

o0

3.2. THE GENERATING FUNCTION FOR spt, (n):
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sptz(n) is the number of smallest parts in the overpartitions of n with smallest part not overlined and even

like- Table-3
n | The type of smallest parts in the overpartitions of n S tz(n)
1 | none 0
2 |5 1
3 none 0
4 . : . 3
4, 2 +2
5 L= 2
3+2, 3+2

We make the expression

spt, (D)X +spt, (2)X* +spt, (3)X° + Spt, (4)X +spt, (B)X” +...

=0X+1 X2 +0.X3+3x* +2.X° +6.X° +...
W2 (xC X W (x x
= (2 2 ’3)00 (4 2 15)oo +... [10]
1-x)"(x%),, (A=x)(x";x),,
0 X2n (_X2n+l; X)w
—ry (1_ X2n)2(X2n+l; X)

o0

o 2ny 204, o
Y XT(XTX), =" spt,(N)x".
n=1

] (1_ XZn)Z (X2n+l; X)

From above we get @(3) =0, E(G) =6,...

o0

i.e., Spt,(3.1)=0=0 (mod 3), spt,(3.2)=6=0 (mod 3), ...

We can conclude that s_ptz(3n) =0(mod3).
We also get @(4) =3, @(7) =06,...

i.e., spt,(3+1)=3=0(mod3), spt,(3.2+1)=6=0(mod3), ...

We can conclude that spt,(3n+1) =0(mod 3).
Again from above we get; @(3) =0, E(S) =15,...

i.e., spt,(3) =0=0(mod5), spt,(5+3) =15=0(mod5), ...

We can conclude that spt,(5n+3) =0(mod5). [5]

Corollary 1:  spt (n) = ng(m,n)

m=—w

Proof: The generating function for Mg (m, n) [3] is given by;

$ 3 o=y KR,

e T (@0, 27X,
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o0

s © n n+l. _ n+l.
Ifz:l,thenweget;z z Mg(m,n)anz X" (X" X),, (X" X).,

o e —ry (x"; %), (x";x).,,

XX %), (x5 %), X2 (%), (=xx)., .\
- (X;X)2 (x%;X)%

_ XX, @-x)E-X).. x( X% %), (1-x*)(L-x")...
1-x)°1-x)2[1-xf..  @-x)2A-x)21-x*f...

X(=x?;X)., X2 (=x%;X),

+ +
T =X (- AL @-x*)2 Q- x)L-x*)...

X(—x%; %), X2 (=x%; %),

(1 x)2(x%;x), (1—x2)"'(x3;x)ooJr

o0

= g (1 XnX( )Xz;njl( = Z Spt (n)X

OO

o0 o0 o0

ie; > spt(mx"= > > M (mn)x".

n=1 n=1 m=—o

Now equating the co-efficient of X" from both sides we get;
spt (n) = D" Mg (m,n). Hence The Corollary.

m=—o0

Corollary 2: ﬁ(n) = i N, (m,n)

m=—o0

00

© 2n+1 2n+2. 2n+2.
2, X=X X), (X X)

Proof: we get N. (m,n) z"x" =
2 2 NN e @ ),

0 0 2n+ly  \,2n+2. 2n+2.
Ifz=1thenweget; > > Ng (m,n) x”:Z X7 (=XTX), (T X)

00

n=l m=-w ' n=0 (inﬂ; X)oo (X2n+1; X)

00

_XEXEX), (x5%), XX X), (x5 X),

(X;X)2 (x%: %)%

_X(=X%5X), A= x)(L-X)... x( x*:x), A= xH(A-x°)...
O @-X)2(1- x> 1—x°)2(1—x*)2..

_ X(=x%5x),, X*(=x*;x),, N
T 1=x)2A-xD)... 1-x)2-xHL-xO)...

X2n+l(_x2n+2; X)oo 0

i nZ:c; (L—x*"1)? (x*" 2 x), - nZ:; spt,(n)x".
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o0 o0

ie., i > Ng (mn)x" =X spt,(n)x".

n=l m=-x n=1

Now equating the co-efficient of x" from both sides we get
spt,(n) = Y. N (m,n). Hence The Corollary.
Corollary 3: spt,(n)= Y. M (m,n)

m=-c

Proof: The generating function for M§2 (m, n)is given by;

© © X2n (X2n+l; X)w(—X2n+l; X)w

2 2 Ms(mn men:ng‘ (2x*";%),.(27%*"; x)

n=l m=-w

o0

o0

Ee) © X2n (X2n+l. X) (_X2n+l. X)
If z=1, then, M- (m,n) X" = 1 2o 1 X)
; m;@ 5z nzzll (x*"; ), (x*";X).,

XX, 05, X=X X)), (X% X)., .\
- (x2%:x)2 (x*;%)%

~ x2(—x3;x)w(l—xs)(l—x“)...+ x*(=x%; ), 1= x>)1-x%)... s
-’ A-x) .. 1-xH?A-x5)2...

_ X2 (=x% %), .\ X (=x°;X),, .
T 1-x)2M-x)A-xY... (1-x)A-xD)-x)...

© X2n —X2n+l'X © -
=Z 2(n 2 2r: 1)OO = sptZ(n)Xn'
o A=xT)(xTx), =

o] n

o0

i.e.,i @(n)x":i Y, Mg (m,n) x".

n=1 n=l  m=-ow

Now equating the co-efficient of x" from both sides we get;
spt,(n) = Y. M (m,n). Hence The Corollary.

m=—oo

Result 1: M_(03,3) = M, (L3:3) = M, (233) = %S_pt(B) |

Proof: We prove the result with an example. We see the vector partitions from Sof 3 along with their
weights and cranks are given as follows.

Table 4:

S -vector partition (7) of 3 Weight o (7) Crank ¢ ()
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- +1 0
m=01¢¢2)
- +1 -2
72 =L pl+1¢)
- +1 2
73 =11+1¢,0)
- +1 0
s =(1,1,1,9)
- +1 -1
7s =(1,¢4.2,9)
- +1 1
me =(1,2,¢,4)
S -1 0
71 =Q1+2,4,4,9)
- +1 0
7Tg = (3l¢!¢!¢)

Y o(n) =6

Here we have used ¢ to indicate the empty partition.
Thus we have, M;(0,3,3) = +1+1-1+1=2, M. (1,3,3) = M (-233) =1+1=2,
M:(2,33) =M (-133)=1+1=2

- M(0,33) =M (133) =M (233)=2= %.6 = %s_pt(B) . Hence The Result.

Now from above table we get; 2w (1) =6

2
ie, Y M (k33)=6
k=0
2

Lspt@) =3 M (k33) =Y o).

k=0

We define Mg (k,t,m) = Z Mg (m,n)

m=k (modt)
. 0 -1
and spt(n) = > Mc(m,n) => M_(kt,n).
m=—o0 k=0
Result 2: N¢ (0,33) =N, (1,33)=N, (233) = %s_ptl(3)

Proof: We prove the result with an example. We see the vector partitions from S_1 of 3 along with their
weights and cranks are given as follows:
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Table 5:

— o ) - - (mod 3)
S, -vector partition (z) of 3 | Weight @ (x) | Crankc ()
- +1 0 0
7 =3.¢.4.9)
- -1 0 0
72 =(1+2,¢,¢,0)
- +1 1 1
73=(1,2 ¢.9)
- +1 -1 2
wa=(1,¢.2¢)
- +1 0 0
rs=(1,1,1, ¢)
- +1 2 2
e =(1,1+1,0,9)
5 +1 -2 1
r7=(1, ¢,1+1, §)
- +1 0 0
7s=(1, 4.9 .2)

Y o(z) =6

Here we have used ¢ to indicate the empty partition.

Thus we have, N§(0,3,3) =4+1+1-1+1=2, N§1 @33)=1+1=2, N§1(2,3,3) =1+1=2

N5 (033) =Ny (133) =N (233)=2= %.6 = %ﬁ(s) . Hence The Result.

Now from above table we get; 2. @(7z) =6

2
ie N (k33)=6
k=0

253 =Y Ne(k33)=Y o(n).

2
k=0

Now we can define Ng(k,t,n) = > Ng-(m, n)

m=k (modt)

and spt,(n)= 3N (m,n) 5 N (k,t,n)

l_
Result 3: M (034)=My (134) =My (234)=_sp,(4).

Impact Factor: 1.597 (I20R)
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Proof: We prove the result with the help of examples. We see the vector partitions from 8_2 of 4 along with
their weights and cranks and are given as follows:

Table 6:
S,-vector  partition Weight Crank | mod 3
(=) of 4 @ () ()
7, = (4.4.4.9) . 0 0
72 = (2+2,4.) 1 1 1
75 =2, ¢,2,9) b 2
S o(7) =3

Here we have used ¢ to indicate the empty partition. Thus we have,
M5(0,3,4) =1 Mg, 134)=1,

Mg (234) =M (-134)=1
Mg (034) =M (134)

=M (234)=1= %.3 = %E(B) . Hence The Result.

N 2
Now from above table we get; > w(7) =3, i.e., Z Msi(k'3’4) =3.
k=0

- spt(4) =i Mq (k34)= Y w(n).

Now we can define;

Mg (k,t,n) = > Mg (m,n)

m=k (modt)
- ® t—1
and spt,(n) = ZMg(m, n=> Mg (k,t,n).
m=—c k=0

Theorem 1: The number of vector partitions of n in S with crank m counted according to the weight ® is
non-negative. i.e. Mg (m,n) >0.

Proof: The generating function for M¢(m,n)is givenby > > M (m,n)z"x"

n=1 m

B i Xn(xn+1; X)Oc (_Xn+1; X)Oc
o (@), (2,
n

nzz; (2x";X),. (2% X),,

o ( 2n+2, XZ)
DY iy ey

( n+l; X)oo (_Xn+1; X)OC
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[since > (X"*;x),(-x""";x),,
n=1

= (X% %), (x5 %), + (x5 X) (%% %)+ (X5 %) (=xE %), + e

=(1L-x)A-x*).. @+ X)L+ XD+ A= X)L =X+ X)L+ XY).....

o0

=(1-xDA=Xx%)0+ 1=-xL=X¥) +........ =) (x*"?%:x%).]

n

0 Xn(XZn;X)OO (X2n+2;X2)
nzzll (zx": %), (X" x),. " (x*;X)

o0

Z“’: X" (x*";X),, 1

S (2X"x), (27X x), Q= xP)(MxP)

) ® (XZnJrZ;XZ)OO_()(4;)(2)OO (XG;XZ)OO
[since nZ::l xx). (x%x),  (X4X),

_ (1-x"@-x5)... +(1—x6)(1—x8)...
1-x)A-xHA-x*... @-x)[1-x)...
1 1 1 1
- _ + . +...
(1-x*) @-x)A-x%).. 1-x*) @-x>)@-x")..

® 1 1
_n§1 1—x2" '(X2n+1;X2)oo]
_i X" (X*";X),, 1
T @x"x),. @7 X), @A=xT) (M x?),,
0 o -1.,ny\k
:anz ka X) ) 2n 12n+1 2
= doo (2XTX)L (%) @=XT)(XT X)),

pince =3 - 07X Sy EX) ey,

T @x"x). @), = @X"0x).,.(x),

We see that the co-efficient of any power x in right hand side is non-negative so the

co-efficient M (m,n) of z"x" is non-negative, i.e. M (m,n) > 0. Hence the Theorem,

Numerical example 1: The vector partitions from S of 4 along with their weights and cranks are given as

follows:
Table 7:

S -vector partition (7) of 4 Weight o (7) Crank ¢ (m)
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- +1 0
m=(4.¢.4.4)

- -1 0
72 =3+14,4,9)

- +1 1
73 =(13,4,9)

> 1 1
T4 = (11 ¢13! ¢)

- +1 0
7s =(1,¢,9,3)

- +1 1
s =(2,2,0,9)

S 1 1
71 =(2,¢,2,9)

- -1 1
me =(1+2,1,4,9)

> 1 1
o =1+2,01,0)

- +1 0
mo=(1,1,2, ¢)

- +1 0
m=1219)

- +1 1
m2 =11,¢,2)

> 1 1
m3=(1,¢12)

- +1 2
T14 = (1,1+ 2,¢, ¢)

> 1 2
mis =1, @1+ 2,0)

- +1 3
me = Q1+1+10,0)

- +1 -3
mr=Q,¢1+1+1¢)

- +1 1
18 = (1,1+1,1, ¢)

S +1 1
e = (111+1,9)
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S o(n) =13

Here we have used ¢ to indicate the empty partition. Thus we have;

M, (04) =3, M_(L4) =3, M_(-14) =3, M_(2,4) =1, M_(~2.4) =1, M_(3,4) =1, and
Mg(_3'4) =1,

z Mg(m,4) =13, i.e. every term is non-negative.
. Mg(m,4)) >0. Butwe have already found thatz M;(m,3) =6,

i.e., every termis non-negative. .. M;(m,3) >0.
So we can conclude that; Mg(m, n) > 0.

Theorem 2: The number of vector partitions of n in S_l with crank m counted according to the weight @
is non-negative. i.e. Ng (m,n) >0.

Proof: The generating function for Nf(m, n) is given by

i ZNi(m,n)Zm i X2n+1(x2n+2 X) ( X2n+2 X)oc

il N — 2n+l X) (Z l 2n+1. X)oo
2n+1

= ZOO: X .(X4n+4;x2)00

P (ZX2n+1 X) (Z—l 2n+1. X)

o0

[since D (X*"%x), (-x*""%X),,
n=0

= (X5 %), (X% %), + (X5 %), (=X %), +

=(1—x)L=x*). 1+ X)) A+ X))o+ L= XDA =X)L+ XA+ X))+ ...
=(1-x)A=X) e+ A=A =X+ (L= X).0 4 ...

= (x5 x%), + (¢ x%), + (X5 X)), +. = i (x4 x%),]

n=0

i 2n+l(X4n+4 X)oo (X4n+4 X )w

& (ZX2n+1 X) (Z—l 2n+1. X)oo - (X4n+4,X)

) X2n+l(X4n+4.X) 1
_z (ZX2n+1 X) (Z 1 2n+1. X)oo (X4n+5 XZ)

o0

o0

[Slnce Z ( 4n+4 X ) (X4;X2) (X X )

4n+4 (X4; X)OO (X X)Oo
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_ (1—x*)(L-x%)... +(1—x8)(1—x1°)...+
1L-xH1-x)1=x... A=x>A-x).....

= 1 + L +

CA-x)A-X)... (1-x)1-x")...

2 o)

n

0 —lX2I’1+l)k l

.~ 2n+1
=) X
Z Z (ZX2n+1+k X) (X)k (X4n+5 XZ)

=0 k=0

=}

o0

4n+4 ., (Z—l 2n+l)

. - 2n+1 (X X) 2n+1
[SInCe ;X (X4n+4 X) (Z—l 4n+4 w ZX g (ZX2n+l+k ) ( )k] (by [3])

We see that the co-efficient of any power x in the right hand side is non-negative so the co-efficient
N (m,n) of z"x" is non-negative. i.e. N (m,n) > 0. Hence the Theorem.

Numerical Example 2:
The vector partitions from S_1 of 3 along with their weights and cranks are given as follows:

Table 8:

S_l—vector partition (;) of 3 Weight @ (7_;) Crankc(;)
- +1 0
m =1¢,4.2)
- +1 0
r2=(1,1,1, ¢)
N -1 0
w3=1+2,¢,0)
- +1 0
7s=(3,4.0,0)
B +1 -2
s =L ¢gl+1,0)
- +1 1
Te = (1!21¢1¢)

+1 -1
71 =(14.2,0)
- +1 2
s =(1,1+1,¢4,9)
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>w=06

Here we have used ¢ to indicate the empty partition. Thus we have
*. every term is non-negative and N§1(m’3) =6, ie. Ngl(m, n) > 0.

We can conclude that Ng (m,n) > 0.

Theorem 3: The number of vector partitions of n in S_2 with crank m counted according to the weight @
is non-negative, i.e., Mg (m,n) =0.

Proof: The generating function for M (m, n) is given by; Z Z M (m,n)z"x"
n=l m=-ow
2n

_i X2n(X2n+1 X) ( X2n+l i X (X4n+2,X2)

wr] X) (Z—l 2n — (ZXZn;X)OO(ZleZn;X)OO' o "

[Since i (X2 x), (=x2" %), = (x5 %), (=% X), + (X %), (X% %), +

n=1

=(1-xX)A=x)... @+ X3 A+ XYoo+ A=x2)L=X®)... L+ XO)... ...
=(1-x)A-x)..+1=xX)A-xD).c+ =X +...

o0

=(x% x5, + (XX +... = Z (x*"%:x%).]

B © xZn(x4n;x)OO (X4n+2 X ) 0 (X X) 1
_nzzll (X" X)., (272" %), (x*™;%)., nzll (2" x), (2% x), (L= x") (X" xP).
[Since i (x4n+2 ), _ (X%, (x1°;x oy _ @-x*)A@-x%)...

e M), (xR, (xs;x)w T A-xHA-x>)A-x5)...

(1-x*)(1-x")...
(1—x3)1-x*)[1-x")@-x")...

= 1 + 1 +
CA=xHI=-x)A-X)... 1-x3)A-x)(1-x)...

0 2n 4n o) o 1 2n
since, 3 0N, s @X g

=@ ), @K ko (@), (%)
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We see that the coefficient of any power x in the right hand side is non-negative so the coefficient
Mg (m,n) of z"x" is non-negative, i.e., M_(m,n) > 0. Hence the Theorem.
2 2

Numerical Example 3:
The vector partitions from S, of 5 along with their weights and cranks are given as follows:

Table 9:
S_z-vector partition (;) of | Weight @ (;) Crank c(;)
5
7,=3+24.4) N °
=2 %9 3) . °
75 =(23.4.9) ' '
7i=(2,63.9) ' B

Yol(r)=

Here we have used ¢ to indicate the empty partition. Thus we have;
Mg(O,S) =1-1=0, M§(1,5) =1, and Mg(—l,S) =lie, Z Mg(m,S) =2,

i.e., every term is non-negative, i.e., Ms—(m, n)>0.
2

So we can conclude that, M (m, n) >0.

Corollary 4: S(LX)= Y. spt (n)x".

n=1

0 Xn( X X) (Xn+1 X)OO

Zl: (ZX X) (Z—l n. X) ([ ])
_ ey o XXM, (XM X),

If z =1, then we get; S(L,x) = 21: TR
:x(—xz;x)w(xz;x)erxz( x%x), (%% X, ,

(X %)% (X% %)%

_ x(—xz;x)w(l—xz)(l—x3)(1—x4)...+x( x*;X), 1—=x*)1-x*)...
1-x)*@-x*)2(1-x)2... 1-x*)2(1-x*)(1- x)2

Proof: Weget S (z,x)

X(—x%;X) ., N X2 (—x*;X)., N
(1 X)’1-x)A=x)... (@1=x*)*A-x*)(1-x"...
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ie; S(Lx)=Y spt(n)x". Hence The Corollary.
n=1

Corollary 5: S, (1, x) = Z spt,(n)x?

n=.

Proof: we get  Si(z,X) = ni; X mxgnff ::) (XZ)_l ()z(n +nl+ ;( ) ([2D).

~ = B © X2n+1(_x2n+2; X)w(x2n+2; X)oo
If z= 1, then we get; Si(L x) = nzz(; ) ).
_XEXEX), (355 %), X=X ), (X X).,
Cx0,.06%, (50,080),,
X=X %), (- X))@ - xY)... . X (=x* %), - xH(1-x°)... s
I o o o O 1-x°)2(1—x*)2...

X(—x%;X),, X*(=x*; ).,

+ +
(1 X)21A-x)L-x)... @1-x3)*A-xH([L-x)...

X2n+1(_x2n+2; X)w

= Z (1_ X2n+1)2(X2n+2; X)oo

i.e; Si(L,x) = Z spt,(n)x" . Hence The Corollary.

n=1

Corollary 6: S2(L,x) = > spt, () x".

n=1

X (g,

0 2n(,2n+1. 2n+1.

= X"(xXTX) (=X

Proof: We get; S2(z,X)= E ( ). (_1 .
o @x), @),

X2n(x2n+l; X)w (_X2n+l; X)

o0

If z =1, then we get; S2(L,X)= z

= (X)L (8N X),,
X0, (=xx), X=X X), (X% X)),
S xe (x*%)2

X (=x%X), (L= x)A=x)... X'(=x*x), (1-x)1-x°)...
12 (1—xY)z... (1= x*)2(1—X°)2..

X (=x5x), X (=x®; X)),
T 1=-x)2(1-%%)...  (1—-x")2(1-X%)...
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2n+1.

XX,
Z ( _X?_n) (szl,X)

o0

Il
ﬁ’Ms T
N AN

wn

S
—t

0

ie, S2(Lx) =Y. spt, (n)x". Hence The Corollary.

Theorem 4: spt (n) = 1
&SP
|45 441 25|=n

Proof: First we define the sptcrankin terms of partition pairs.
(4, 4,) e PxP:1<s(4) <s(4,)andall parts of A, thatare >2s(4,)+1 are odd}.

SP={A=
The generating function for s_pt(n) is given by

Xn(_xn+l. X)oo

ZSpt(n)X Z 1- x")z(xr:+lix)w

- Xn 1.

"L Cxpeeta, X
_ 0 n (X2n+2 X )OO

2 . (),

:X),, =(=x%;X),, +(=x%x),, +

[since Z(—x“*l
n=1
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@A+ X)A+ XD+ A+ XA+ X))+ A+ XY).

(1-xHA-x%)...

. (1-x>)A-x%)...

T =)= ) (1= x)...

(1-x*)@-x")...

B (X4;X2)OO (XG;XZ)OO B w ( 2n+2. X )OO
C(x5x), (x%x), = (X" x ]
0 Xn (X2n+2 X )00
=(XMx),@-x") " (x"hx),
n X X2

[since z =XV (X"” .

X NG

T 1= (<),

+
(1-x*)*(x%x),,

= +
(L-Xx)*(L-x)(A-X3)...

2

+
(L—x)A-x*)(L—x")...

n

: X X =
S e, e, T &

n=1

(1-x")(x";x), :
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2n+2.

< X" 1 (X" x%),
nz (xX"x), @=x")" (x"*;x),,

z X" 1 1
nzzll (x";x), A=x") @-x"1)...@A-x*")(x*":x%),

© (XZMQ X ) (XA;XZ)OO (XG;XZ)OO
e 2 g, T 00, T e,
_ (1-x"(1-x°)... . 1-x%)(L-x9)... .
1-x)1-x)A-xHA-x°)... 1-x)1-xH1-x1)...
= 1 + 1 +
- x)A-xX)A-X)1-X")... 1-x)1-xHA-x°)...
- 1
nz (1 Xn+l) (1 X2n)(X2n+l )OO]
:i X" 1

i (x";x), (L-x")A-Xx"1)...(1-x*")(x*" x?)

-y Y K > X

n=1 AP A,eP
s(A)=n s(A,)=n

all parts in A, > 2n+1are odd

0

3 3

n=1 %ESP
‘A:Hﬂﬂiﬂzn

Equating the co-efficient of x" from both sides we get;

spt (n) = D1 . Hence The Theorem.
<SP
[ A=} 2gl=n
Numerical example 4:
The overpartitions of 3 with smallest parts not overlined are 3, 2+1, 2+1, 1+1+1

Consequently, the number of smallest parts in the overpartitions of 3 with smallest part not overlined
is given by 3,2+1,2+1, 1+1+41 so that spt(3) = 6
i.e. there are 6 S_P-partition pairs of 3 like (3,¢), (2+1,¢), 1+1+1,¢), (1+11), (1L1+1) and (1,2).
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Theorem 5: spt,(n) = Zl
leSP1
\/1\ |44+ 22|=n

Proof: First we define the sptcrank in terms of partition pairs.
SP={A= (A4, 4,) e PxP:0<s(4)<s(4,)and all parts of A, that are > 2s(4,) +1 are odd}.
The generating function for s?tl(n) is given by

o . 0 X2n+1(_X2n+2;X)Oo B 0 X2n+l 0 (X4n; XZ)OO
Zsptl(n)x - Z 1- X2n+1)2 (X2n+2;X) - Z (1- X2n+l)2 (X2n+2 ' X) Z (in; X)oo

n=1 n=0 o0 n=0 o N=l

[since D (—x*"% ), =(=X*;X),. + (=X*; X),, + (=X X),, +..
n=0

=+ XA+ XA+ XD e+ QL+ XD)AHF X))o+ A+ X))+

_ @=-xHa-x°).. . 1-x®@-x")... . (1-x")..
A-x>)[1-x%).. (@1-xHA-x3.. (@-x°.. "

00 ) g or),
(X5x),  (X5X),  (XX)., = (X7X),
_ X
A=) -x)1=X)...A-)A- x)A- ) L= XO)...
X2

=)A= X =)A= X) (= XY= ).

X5

+ +
(1—x>)A-x%)...A=x*)1—x®)...A— x")(1-x")...

© X2n—l 1
B O GRE') IR (R L [ R Gl W B o) [ P S|

=Y S K 3

n=l AeP Ao €P

o0

s(A,)=n  s(A,)=n

all partsin A, > 2n+1are odd

00

-3 ZXW

n=l J1eSP;
M |24 +[22|=n
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Equating the co-efficient of x" from both sides we get;

spt,(n) = D1 . Hence The Theorem.
ZE?PI
VHMM@F“
Numerical Example 5:

The overpartitions of 4 with smallest part not overlined and odd are 3+1, 3+1, 2+1+1, 2+1+1 and
1+1+1+1.
Consequently, the number of smallest parts in the overpartitions of 4 with smallest part not overlined and

odd is given by; 3+i, §+i, 2+i+i, §+i+i, i+i+i+i so that S_ptl(4) =10 i.e., there are 10 S_Pl
partition pairs of 4 like-

B+L9), 1L3), (2+1+1,¢), (2+11), 11+2),(1+12),(1+1+1+1,¢), (1+1+1,1),(1+1,1+1) and (1,
1+1+1).
Theorem 6: spt,(n)= >'1
/iegz’z
\A\:W%\:n
Proof: First we define the sptcrank in terms of partition pairs,

SP={1=(A,4,)ePxP:0<s(4)<s(4)and all parts of 1, thatare >2s(4,)+1 are odd}.

Let SP, be the set of 1= A, 4,) € SP with S(A,) even. The generating function for s_ptz(n) is given

o . ) X2n( X X)
by; > spt,(n)x" = =
y nZ:]; p 2( ) nZ:]; (1_ XZn) (X2n+1’x)

2n+1.

o0

2n

~ X 2n+l

= —X""x),
o LX) (Xz"”;X)w( :
Zoo: Zn (X4n+2 X )OO

& (1 X2n) (X2n+l )OO ' (szl,X)

00

[Since, i(—xzr‘”; X), =(=x% %), + (=X*;X),, +...

=1L+ XA+ X+ LX) A+ XD + (LX) (LX) .

_(@- x®)(L-x%)... N (1—x"0)(1-x")... . (1—x")...
1-xHA-xY... @-x)A-x®... @-x))..

B (XB;XZ)OO ()(10;)(2)oo _ 0o (X4n+2 X )w
- ()(3;)()oo (XS;X)OO +"'_§ (X?_n+l’ )

0 2n .(X4n+2 X ) i X 1 (X4n+2.X2)
—r (1 X2n) (X2n+1 X) (X2n+1 OO — (X2n ) (1 X2n) (X2n+l )

o0
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0 X2n XZ X4
Since, - 4 .
[ nzll LM x),, @)%, @=x)* (X% x),,
X2 x4

= + +...
1L-x)’1A-x)HA-xD)... [@—=xH*1A-x>)1-x°)...

) X2n 1
= ]

= (¢NX), . @-x")

© XZn 1
~ (XZn; X)w . (l— XZn)(l_ X2n+l)m(1_ XAn)(X4n+1; XZ)30

- = (XM x3) B (X% %), (X%x),
[Since, Z (X2n+l; X)oo - (X3; )()Oo (XS; X)oo

n=l1

_(1=x)A-xX)... | (1-x)(1-x2)... N
A-x)A-xY... (1=x)1-x°%)..A-x)1-x")...

1 1

- + +...
1L-x)A-xH1=x)... (@1=x)A-x°%)..A-x>)A-x"...

< 1
- nZ:l: (1_ X2n+1)”“(1_ X4n)(x4n+l; XZ)OO

=i IR &

= eP A€
B R

all parts in 4, > 2n +1are odd

]

0

SN

n=1 Zegf’z
\/1\:\21\+\42\:n

Equating the co-efficient of X" from both sides we get;

spt,(n)= >'1 . Hence The Theorem.

ZE@Z

\/1\:\41\+\,12\:n
Numerical Example 6:
The overpartitions of 6 with smallest parts not overlined and even are 6, 4+2, 4+2, and 2+2+2.
Consequently, the number of smallest parts in the overpartitions of 6 with smallest part not overlined and
even is given by;

6442, 442 24242,
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so that S_pt2 (6) =6 i.e., there are 6 S_P2 -partition pairs of 6 like:

(6,9), (4+2,0), (24), 2+2+2,¢), (2+2,2) and (2, 2+2).

Result4: M_(0,33) = M_(133) = M_(233) = sp;(?:) '

_ =d

Proof: First we define a crank of partitions pairs A = (4,,4,) € SP.
For A =(4,4,) € SP we define;

k(1) =# of pairs jin 4, such that S(4) < j <25(4)~1 s(4) <S(4,).

and also define
Crank(z) _ (#0f partsof 4, > s(j-1)+ K)—k;if k>0
(#of partsof 1,)-1if k=0

where k = k(1).

Table 10:
SP -partition pair?t = (1) K crank (mod3)
(3.4) 0 0 5
(2+1,¢) 0 1 1
1+1+1L9) 0 5 5
a+11 . ~ 5
@i+ 5 = :
(1.2) 0 0 5

From the table we get;

M. (0,33) = M (133) = M (233)=2= %6 = %s_pt(i%) . Hence The Result.
Result 5: N (05,5) = No (15,5) = N (255,) = N (355) = N, (455) :4:% spL,(5)

Proof: We prove the result with the help of an example.
We can define a crank of partition pairs A=(4,4,)€ S_P1 For A=(4,4,)€ SP: we define

k(j,) =# of partsj in 4, suchthat s(4) < j<2 s(4)-1, s(4)<s(4,)
and also define;
crank (1) = (#of partsof 4, > S(ﬂ_a)+ K)—k;if k>0
(#of partsof 4)-Lif k=0
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The number of smallest parts in the overpartitions of 5 with smallest part not overlined and odd is given

by;

so that E(S) =20. There are 20 S_F’l - partition pairs of 5.

5 441, 441, 3+1+1, 34141, 24241, 24241, 2414141, 241414141, 1+1+1+1+1,

Table 11:
SP; -partition pair of 5 K crank (mod 5)
(1, 2+2) 0 0 0
(2+1+1)) 1 0 0
(3+11) 1 0 0
(5.9) 0 0 0
(1, 1+1+1+1) 4 -4 1
(1+1, 3) 0 1 1
(2+1,2) 0 1 1
(4+1,9) 0 1 1
(1+1, 1+1+1) 3 -3 2
(1+1+1, 2) 2 2
(2+2+1, ¢) 0 2 2
(3+1+1, @) 0 2 2
(1, 2+1+1) 2 i) 3
(1+1+1, 1+1) 2 -2 3
(2+1, 1+1) 2 -2 3
(2+1+1+1,9) 0 3 3
(1, 3+1) 1 -1 4
(1+1, 2+1) 1 -1 4
(1+1+1+1, 1) 1 1 4
(1+1+1+1+1, ¢) 0 4 4
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From the table we get; Ng (0,5,5) = Ng (1,5,5) = Ng (2,55)= N; (35,5)=

N, (4,55) =4= %s_ptl(S) . Hence The Result.

Result 6: Mg (0,58) = Mg (L58,) = M (258,) = M (358) = M (458) =3=é spt,(8).

Proof: We prove the result with the help of examples. We can define a crank of partition pairs

A=(A,4,) € SP.

For Z:(ﬂl,;tz) eS_P2 , we define, k(jl) = # of pairsjin A, suchthat s(4,) < j<2s(4)—-1, andalso
(#of partsof 2, >s(4,)+k)—k;

define; crank(:{) =<if k>0 where k = k(z).
(#of partsof 4,)-Lif k=0

We know that @(8) =15. There are 15 S_F’2 -partition pairs of 8.

Table 12:

SP, -partition pair of 8 K crank (mod 5)
(3+2, 3) 1 0 0
(4+2, 2) 1 0 0

8,9) 0 0 0
(2+2, 4) 0 1 1
(4+4, ¢) 0 1 1
(6+2, @) 0 1 1

(2, 2+2+2) 3 -3 2
(3+3+2,4) 0 2 2
(4+2+2, @) 0 2 2
(2,3+3) 2 -2 3
(2+2, 2+2) 2 2 3
(2+2+2+2,9) 0 3 3
(2, 4+2) 1 -1 4
4,4 1 -1 4
(2+2+2, 2) 1 -1 4
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From the table we get; Mg(O,S,S) =M, (158) =M (258,)=

M;, (358) = Mg (4,58)=3 :% s_pt2(8) . Hence The Result.

4. WE WANT TO DESCRIBE THE sptcrankOF A MARKED OVERPARTITION [7]:

To define the m of a marked overpartition we first need to define a function k (m,n) for positive
integers m and n such that m > n+1 we write m=b2’, where b is odd and j=>0. For a given odd
integer b and a positive integer n we define j, = j,(b,n) to be the smallest nonnegative integer |,
such that b2% >n +1.

0,if b>2n
We define; k(m,n)=142/"% if b2’ < 2n
0,if b2 = 2n.

It is convenient to define k (m,n)=0, if m=0.
If j>1then b2 <2n so that the function k(m,n) is well-defined . For a partition
. m +m,+...+m, into distinct parts and
m, >m,>..>m >n+1, we define the function

k(z,n) = Zt:k(mj ,n)=>"k(m,n).

mer

For a marked overpartitions (7, j) we let m, be the partition formed by the non-overlined parts of r,
7, be the partition (into distinct parts) formed by the overlined parts of 7 so that s(r,) > s(r,), we

define k(z,i) = v(m,)— j+k(x,,s(x,)), where v(7,) is the number of smallest parts of 7.
Now we can define;

(#of partsof z, >s(z,)+k )-k, if k =k(z, j)>0
(#of partsof z,)-1; if k =k(z, j)=0.
Corollary 7[9]: The residue of the sptcrank(mod 3) divides the marked overpartitions of 3n into 3 equal

classes.
Proof: We prove the corollary with the help of an example. There are 42 marked overpartitions of 3n (where

n = 2) so that spt(6) = 42.

sptcrank(z, J) :{

Table 13:
Marked overpartition m, 7, | v(m) k((ﬁz,s(ﬂl) K m (mod3)
(7,]) of6
(6,1) 6 ¢ 1 0 0 0 0
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(5+11) 1 5 0 0 0 0
(4+2]) 2 4 0 0 0 0
(4+1+1)) 4+1+1 ¢ 0 1 0 0
(3+2+1)1) 1 32+ 0 0 0 0
B+1+1+12) 3+1+1+1 ¢ 0 1 0 0
(3+1+1+13) 3+1+1+1 ¢ 0 0 3 0
(2+2+1+12) 2+2+1+1 ¢ 0 0 3 0
(2+2+1+12) 2+1+1 2 0 1 0 0
(2+1+1+1+17) 2+1+1+1+1 ¢ 0 3 -3 0
(2+1+1+1+13) 2+1+1+1+1 ) 0 1 0 0
(2+1+1+1+12) 1+1+1+1 2 0 3 -3 0
(2+1+1+1+14) 1+1+1+1 2 0 0 -3 0
Q+1+1+1+1+13) 1+1+1+1+1 ¢ 0 3 -3 0
+1
5+1) 5+1 ¢ 0 0 1 1
(4+221) 4+2 ¢ 0 0 1 1
(3+1+12) 1+1 4 0 0 1 1
(3+32) 3+3 ¢ 0 0 1 1
(+2+11) 2+1 3 0 0 1 1
(B3+2+11) 3+1 2 0 0 1 1
(B+1+1+1)) 1+1+1 3 0 2 -2 1
(2+2+2,1) 2+42+2 p 0 2 -2 1
(2+2+1+1,1) 2+2+1+1 ¢ 0 1 1 1
(2+1+1+1+1,2) 2+1+1+1+1 ¢ 0 2 -2 1
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(2+1+1+1+1,4) 2+1+1+1+1 ¢ 4 0 0 4 1
(2+1+1+1+12) 1+1+1+1 2 | 4 0 2 -2 1
(1+1+1+1+1+1)1) 1+1+1+1+1+1 ¢ 6 0 5 -5 1
(1+1+1+1+1+1,4) 1+1+1+1+1+1 ¢ 6 0 2 -2 1
(4+1+1,2) 4+1+1 ¢ 2 0 0 2 2
(Z +1+12) 1+1 4 2 0 1 -1 2
(3+3)) 3+3 ) 2 0 1 -1 2
(3+2+1,1) 3+2+1 ¢ 1 0 0 2 2
(3+1+1+1,1) 3+1+1+1 ¢ 3 0 2 -1 2
(B+1+1+12) 1+1+1 3] 3 0 1 -1 2
(§+1+1+113) 1+1+1 3 3 0 0 2 2
(2+2+2,2) 24242 ¢ 3 0 1 -1 2
(2+2+2,3) 2+2+2 ¢ 3 0 0 2 2
2+2+1+12) 2+1+1 2 | 2 0 0 2 2
(2+1+1+1+13) 1+1+1+1 2 | 4 0 1 -1 2
(1+1+1+1+1+1,2) (1+1+1+1+1+1) ¢ 6 0 4 -4 2
(1+1+1+1+1+1,5) (1+1+1+1+1+1) ¢ 6 0 1 -1 2
(1+1+1+1+1+1,6) (1+1+1+1+1+1) ¢ 6 0 0 5 2

We see that the residue of the sptcrank (mod 3) divides the marked overpartitions of 3n into 3 equal
classes. Hence the Corollary.

Corollary 8 [9]: The residue of the sptcrank (mod 3) divides the marked overpartitions of 3n with smallest
part not overlined and odd into 3 equal classes.

Proof: We prove the Corollary with the help of example. There are 36 marked overpartitions of 3n (when
n = 2) with the smallest part not overlined and odd so that E(G) =36.
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Table 13:
I(\/I;rlj«)ec(i) f%verpartition 7, 7, v(r,) k((ﬂz,s(ﬁl)) k | sptcrank | (mod3)
(5+1,1) 5+1 ¢ 1 0 0 1 1
(5+11) 1 5 1 0 0 0 0
(4+1+1)) 4+1+1 ¢ 2 0 1 0 0
(4+1+12) 4+1+1 ) 2 0 0 2 2
(4+1+11) 1+1 4 2 0 1 -1 2
@+1+12) 1+1 4 2 0 0 1 1
(3+31 3+3 ) 2 0 1 -1 2
(3+32) 3+3 P 2 0 0 1 1
(B+2+1)) 3+2+1 ¢ 1 0 0 2 2
(B+2+11) 2+1 3 1 0 0 1 1
(B+2+11) 3+1 2 1 0 0 1 1
(§+§+1,1) 1 3+2 1 0 0 0 0
B3+1+1+11) 3+1+1+1 ) 3 0 2 -1 2
(B3+1+1+12) 3+1+1+1 ) 3 0 1 0 0
(B+1+1+13) 3+1+1+1 ¢ 3 0 0 3 0
(G+1+1+11) 1+1+1 3 3 0 2 -2 1
(B+1+1+12) 1+1+1 3 3 0 1 -1 2
(§+1+1+1,3) 1+1+1 3 3 0 0 2 2
2+2+1+1)) 2+2+1+1 ¢ 2 0 1 1 1
(2+2+1+12) 2+2+1+1 ¢ 2 0 0 3 0
(2+2+1+11) 2+1+1 2 2 0 1 0 0
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2+2+1+12) 2+1+1 2 2 0 0 2 2
(2+1+1+1+1,1) 2+1+1+1+1 ¢ 4 0 3 -3 0
(2+1+1+1+1,2) 2+1+1+1+1 ¢ 4 0 2 -2 1
(2+1+1+1+1,3) 2+1+1+1+1 ¢ 4 0 1 0 0
(2+1+1+1+1,4) 2+1+1+1+1 @ 4 0 0 4 1
Q+1+1+1+11) 1+1+1+1 2 4 0 3 -3 0
(2+1+1+1+12) 1+1+1+1 2 4 0 2 -2 1
(2+1+1+1+13) 1+1+1+1 2 4 0 1 -1 2
2+1+1+1+14) 1+1+1+1 2 4 0 0 3 0
@+1+1+1+1+17) | 1+1+1+1+1+41 ¢ 6 0 5 -5 1
(Q+1+1+1+1+412) | 1+1+1+1+1+1 ) 6 0 4 -4 2
(Q+1+1+1+1+13) | 1+1+1+1+1+1 ¢ 6 0 3 -3 0
(Q+1+14+1+1+24) | 1+1+1+1+1+1 ¢ 6 0 2 -2 1
(Q+1+1+1+1+15) | 1+1+1+1+1+1 ¢ 6 0 1 -1 2
@Q+1+1+1+1+1,6) | 1+1+1+1+1+1 ¢ 6 0 0 5 2

We see that the residue of the sptcrank (mod 3) divides the marked overpartitions of 3n with smallest part
not overlined and odd into 3 equal classes. Hence The Corollary.
Corollary 9: The residue of the sptcrank (mod 5) divides the marked overpartitions of 5n with smallest

part not overlined and odd into 5 equal classes.
Proof: We prove the corollary with the help of example. There are 260 marked overpartitions of 5n(when

n = 2) with smallest part not overlined and odd so that ﬁ(lO) = 260.

Table 14:
Marked overpartition e 7, | v(m)| K((z,,s(m)) | k | spterank | (mod5)
(7, ])of 10
(§ +11) 1 9 1 0 0 0 0
8+1+11) 8+1+1 ) 2 0 1 0 0
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(? +31) 3 7 1 0 0 0 0
(7+1+1+12) 7+1+1+1 ) 3 0 1 0 0
There are 52 marked overpartions with sptcrank congruent 0 (mod 5)
I(\/Iarl_«)adfol\éerpartition A 7, v(rz,) k((ﬂz, 5(7;1)) Kk spterank (mod 5)
7, ])o
9+1)) 9+1 ¢ 1 0 0 1 1
(é+l+l,2) 1+1 8 2 0 0 1 1
(7+32) 7+3 ¢ 1 0 0 1 1
(? +2+11) 2+1 7 1 0 0 1 1
(7+ P +11) 7+1 2 1 0 0 1 1
There are 52 marked overpartitions with sptcrank congruent 1 (mod 5)
(I\/Iarl_<§dfol\(/)erpartition 7, 7, | v(m) k((ﬂz, 5(7;1)) Kk sptcrank (mod 5)
7, ])o
(8+1+1, 2) 8+1+1 ) 2 0 0 2 2
(7+2+1,1) 7+2+1 7 1 0 0 2 2
(? +1+1+13) 1+1+1 7 3 0 0 2 2
(6+3+1,1) 6+3+1 ¢ 1 0 0 2 2
(6+2+1+12) 2+1+1 6 2 0 0 2 2
There are 52 marked overpartitions with sptcrank congruent 2 (mod 5)
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Marked overpartition 7, T, v(r,) k((ﬂz,s(ﬁl) K m (mod 5)
(7, ])of 10

(7+1+1+1, 3) T+H+1+L | 4 3 0 0 3 3

(7 +1+1+11) 1+1+1 7 3 0 2 -2 3
(6+2+1+1,2) 6+2+1+1 ¢ 2 0 0 3 3
(6+1+1+1+12) 1+1+1+1 | 6 4 0 2 -2 3
(6+1+1+1+14) +1+1+1 | 6 4 0 0 3 3
There are 52 marked overpartitions with W congruent 3 (mod 5)

Marked overpartition 7, 7, v(rz,) k((ﬁz, s(ﬂl)) k | sptcrank (mod 5)
(7, ])of 10

(8+1+11) 1+1 8 2 0 1 -1 4
(7+1+1+11) 7+1+1+1 ¢ 3 0 2 -1 4
(7+1+1+12) 1+1+1 7 3 0 1 -1 4
(6+1+1+1+1,1) 6+1+1+1+1 ¢ 3 0 2 -1 4
There are 52 marked overpartitions with sptcrank congruent 4 (mod 5)

We see that the residue of the sptcrank(mod 5) divides the marked overpartitions of 5n with smallest
part not overlined and odd into 5 equal classes. Hence The Corollary.
Corollary 10 [9]: The residue of the sptcrank(mod 3) divides the marked overpartitions of 3n with the

smallest part not overlined and even into 3 equal classes.
Proof: We prove the Corollary with the help of an example. There are 6 marked overpartitions

of 3n (when n = 2) with the smallest part not overlined and even so that, spt,(6)=6.
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Table 15:
Marked 7, T, v(m)| k((z,,s(7,)) | k sptcrank | (mod 3)
overpartition (7, j)
of 6
(6,1) 6 ¢ 1 0 0 |0 0
(4+2 1) 4+2 1 1 0 0 |1 1
(4+21) 2 4 1 0 0 |0 0
(24242, 1) 2+2+2 | ¢ 3 0 2 |2 1
(2+2+2, 2) 24242 | ¢ 3 0 1 |1 2
(24242, 3) 2+2+2 | ¢ 3 0 0 |2 2

We see that the residue of the sptcrank(mod 3) divides the marked overpartitions of 3n (when n
= 2) with smallest part not overlined and even into 3 equal classes. Hence The Corollary.
Corollary 11: The residue of the sptcrank(mod3) divides the marked overpartitions of 3n+1

with smallest part not overlined and even into 3 equal classes.
Proof: We prove the Corollary with the help of an example. There are 6 marked overpartitions

of 3n+1(when n = 2) with the smallest part not overlined and even, so that spt,(7) =6.

Table 16:

Marked 7, 7, | v(m)| k((,,8(m)) k | spterank | (mod
overpartition (7, j) 3)
of 7

(5+2, 1) 5+2 6 |1 0 01 1
(5+2.) 2 5 1 0 0|0 0
(3+2+2, 1) 3+2+42 ¢ 2 0 110 0
(3+2+2, 2) 3+2+42 ¢ 2 0 012 2
(§+2+2’ 1) 2+2 3 2 1 2 |2 1
(§+2+21 2) 2+2 3 2 1 11 2

We see that the residue of the sptcrank (mod 3) divides the marked overpartitions of 3n+1 with
smallest part not overlined and even. Hence The Corollary.
Corollary 12: The residue of the sptcrank(mod 5) divides the marked overpartitions of 5n+3 with

smallest part not overlined and even into 5 equal classes.
Proof: We prove the Corollary with the help of example. There are 15 marked overpartitions of

5n + 3 (when n =1) with the smallest part not overlined and even so that E(S) =15.
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Table 17:
Marked 3 7, | v(m)| k((z,,8(m)) k | spterank | (mod
overpartition ( z, j) of 8 5)
6+21) 2 6 |1 2 2 | -2 3
(4+2+2]) 2+2 4 2 0 1 -1 4
(4+2+22) 2+2 4 2 0 0 |1 1
(3+3+21) 3+2 3 |1 1 1]0 0
(2+2+2+2, 1) 2+242+2 | ¢ |4 0 3 |-3 2
(2+2+2+2, 2) 2+2+2+2 | ¢ 4 0 2 |2 3
(2+2+2+2, 3) 2+242+2 | ¢ |4 0 1 -1 4
(2+2+2+2, 4) 2+242+2 | ¢ |4 0 0 |3 3
(3+3+2, 1) 3+3+2 o |1 0 0 |2 2
(44242, 1) 4+2+2 o |1 0 1 1|0 0
(4+2+2, 2) A+2+2 6 |2 0 0 |2 2
(6+2, 1) 6+2 6 |1 0 0 |1 1
(4+4,1) 4+4 ¢ |2 0 1[4 4
(4+4, 2) A+4 6 |2 0 0 |1 1
(8, 1) 8 6 |1 0 0o 0

We see that the residue of the sptcrank(mod5) divides the marked overpartitions of of 5n + 3
with the smallest part not overlined and even into 5 equal classes. Hence The corollary.

5. CONCLUSION

In this study we have found the number of smallest parts in the overpartitions of n with smallest part not
overlined, not overlined and odd, not overlined and even for n=1,2,3.4,... respectively. We have shown

the relations spt (3n) =0 (mod3), spt,(3n) =0 (mod3) for n>0, spt,(n) =1 (mod 2) if n is an odd
square, spt,(5n) =0(mod5), spt,(3n) =0(mod3), spt,(3n+1) =0(mod3)and spt,(5n+3) =0
(mod 5) with the help of induction method and have shown the some results with the help of vector

partitions along with their weights and cranks . We have verified the Theorems for certain values of n and
have established the some Corollaries with the help of marked overpartitions.
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