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Abstract:

In 1995, R. Fokkink, W. Fokkink and Wang defined the FFW (n) in terms of s(rz), where s(z)
is the smallest part of partition 7. In 2008, Andrews obtained the generating function for
FFW (n). In 2013, Andrews, Garvan and Liang extended the FFW-function and obtained the
similar expressions for the spt-function and then defined the spt-crank generating functions.
They also defined the generating function for FFW (z, n) in various ways. This paper shows

how to find the number of partitions of n into distinct parts with certain conditions and shows
how to prove the Theorem 1 by induction method. This paper shows how to prove the Theorem
2 with the help of two generating functions.
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1. INTRODUCTION

In this paper we give some related definitions of P(n), FFW(n), din), (X),, (X*;x)..,(2X)..,
(), and(x***;x)., . We give two tables for FFW(5) and FFW(6) respectively and discuss the generating

functions for FFW(n) and then shows a relation related to the term d(n).We discuss the various
generating functions for FFW(z, n) and prove the Corollary | for proving the fundamental Theorem 1
containing three parts and prove the Theorem 2

FFW (z,n) = D ()" @+ z+.....+2°P™)  and then

7eD
|z]=n
k+1<s(7).

establish the Corollary 2: FFW (1, n) = FFW(n).

2. SOME RELATED DEFINITIONS
P (n) [Sabuj et al (2014b)]: The number of partitions of n like
4,3+1, 242, 2+1+1, 1+1+1+1 .. P (4) =5.
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FFW (n) [Fokkink et al (1995)]: Let D denote the set of partitions into distinct parts. We define;
FFW (n) = > (-1)*7"s(x),

eb
|z]=n

where s(m) is the smallest part of 7, and # () is the number of parts .
d (n) : The numbers of positive divisors of n like d(1)=1, d(2)=2 ,d(3)=2,..
Product Notations [Sabuj et al (2014a)]:

(x;x), =(x), = (1-x)1-x*)1-x%...
(x*X).. = 1= x)A-x°)..

(zx), = 1—zX)(1—2x?)....

() = @=x) @@= x*)...(1—x")

(Xk+l; X)w — (1_ Xk+1)(1_ Xk+2) .....

3. WE GIVE TWO TABLES FOR n=5 AND 6 RESPECTIVELY

Table-1: Partition of 5 into distinct parts.

Partition of 5 into distinct | Smallest part of (1)
parts
(1)
5 5
4+1 1
3+2 2

From the table we get;
FFW (5) = (-1)° 5+ (-1)1.1 +(-1)1.2=5-1-2=2.
Table-2: Partition of 6 into distinct parts.

Partition of 6 into | Smallest part of ()
distinct parts
s(r)
6 6
5+1 1
4+2 2
3+2+1 1

From the table we get;
FFW (6) = 6-1-2+1 =7-3=4.
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Similarly we get;
FFW (1) =1, FFW (2) =2, FFW (3) =2, FFW (4)=3................
The generating Function [Andrews (2008)] for FFW (n) is given by

e

$ D7

= (¥),(1-x")

_ (-1). x3 x® n

T (1-x) (1-%) (1-x) 1-x2) (1-x%)  (1-x) 1-x2) (1-x3) (1-x3) "

=X+ 2x2% + 2x3 +3x%* +2x° 4+ 4xC+ ...
= FFW (1) x + FFW (2)x% + FFW (3)x3 + FFW(4)x* +...

i FFW(n)x" .
n=1

A relation related to the term d (n).
We get; FFW (1) =1=d (1)
FFW (2)=2= d(2)
FFW (3)=2= d(3)
FFW (4)=3= d(4)
FFW (5)=2= d (5)

We can write the relation  FFW (n) = d (n).

4. NOW WE DESCRIBE THE VARIOUS GENERATING FUNCTIONS [Andrews et al
2001] FOR FFW (z, n)

n(n+1)
( 1)n l
z(1 2x") (%),

= (1—x) (1 zx) (1-x) (1-x2) (1—2zx2) + (1-x) (1-x2) (1-x3) (1—2zx3) -

6

=X+ (1+2)x% + (z+z)x3 + (2422 + 23 )x* + (1422 + 23 + 24 x5 +
(1+z% + 23 +z* + 25+ Dx®+.......

0

= > FFW (z,n)x"

n=1

We get; 32 {(x), - (x),]

2 23

k=0 (X)i
Z 2
=003+ g0 =003+ g (000~ ey

{1-x)A-x)A-x) = (X), }+....
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=X+ X2 +z2(2 +x3 +x) + 22 (3 +x) + 23+
=X+(L+ X2+ (Z+ )+ (2 + 22+ )X + (1+ 2+ P+ )X ..

=i FFW (z,n)x".

n=1

Again we get; > 2*{l— (X% x),}
k=0

={1—(X) 3+ 21— (X% %) 3+ 22— (%% %)} +....
l+z2+2°+22 +.. 3 {1-X)A=x*) ..+ 20— X) 1= X).... + 22 (1= x) A - x)...}
l+z2+2°+28+. .}l x—X+z1-2X* -+ - +..}

=X+ X2 +z(xP +x3 +x) + 22 (P x) + 2%+
=X+(L+2)X°+(Z+ )+ 2+ 22+ )X + (14 2+ P+ 2D)X° ..

o0

= FFW (z,n)x".

n=1
. = Z —1
Corollaryl: G2 kZ; (o) X
. _ X
Proof: L.H.S = s
=X (L+zx+z2 x?+ 2323+, Y(+x +x2 +x3 + )

=X+ (1+2)x% + (I+z+z D)3+ (Q+z+z2 + 23 )x* +..........

_y s WD) o (42422) A7) 5 | (424 2242°) (A1) 4,
(1-2) (1- z) 1-2)
(27 o (o) s )
(1-2) (1-2) (1-2)
(22D o (1) 3 (271 4
=X+ (z-1) xo (z-1) + (z-1) X"+
> (Z ‘1 Xk =
Z; (G=) *“=RHS.. Hence The Corollary.
n(n+1)
0 n-1 2 1 X
Theorem 1: ) FFW (z,n)x" = Z( DX = - ( )w}
T P-2)(), -2 (),
X5

Proof: we get; = XA+ X+ X7+ x4+

1-x
1
or, xXx*—=x"+x"+x"+...

(%),
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is the generating function for partitions into 2 distinct parts with smallest part 2 like the required partitions
342,442, ....... respectively.

X6

Again  ——— = x*(A+x+ X2+ X3 +L)A+ X x
gain iy X ) )
= XA+ X+ X +.)
Or, x3.x3 ) = X% +x" +2x® +.....isthe generating function for partitions into 3 distinct parts with
X 2
smallest part 1 like the required partitions are 3+2+1, 4+2+1, ...... respectively. Now we see that
n(n-1)
X 2 x™ is the generation function for partitions into n distinct parts with smallest part k.
n-1
n(n-1)
S n S n 2n k-1y \, kn ( l)n lX 2
Thus > FFW(z,n)x" = > (X" + L+ 2)X*" + (L 2+ ..+ ZOX +.) —————
n=1 n—L (X) 4
n(n-1)
w _ 2\ 3n 1y 2
=Z{Xn N 1+2)A-2) N A+z+2z°)A-2)x i) D" x
=i 1-2) 1-2) (¥)ns
n(n-1)
1 Z3 _1 n-1 2
_Z{X+ 2n+ X3n }(1) X
n=1 z-1 (X) n-1
n(n-1) n(n-1)
0 0 Z ( 1) X 2 © Xn (_l)nflx 2
DY =D T
7 k. Z-1 (X s m(-2x)A-x") (),

[by Corollary 1]

n(n+l)

© 1)n 1
z —zx")(x),

[since S (1 x")(¥), , = (1= )+ A~ X2)(A— %) + Q- X)L~ X2 A= X) +...= 3 (%), ]

n=1
n(n+1)
Or, 1st part = ZFFW (z,n)x" = zw 2" part
= (1-2x")(%),
n(n+1)
Z( D™x 2 x X

Y (1-2x")(x), (-zx)1-X) C(1-23) (- x)(A-x) i
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S (k) sz(l_z) iyt XED
1-2) 1-zx)Q1—x) (L-zx)@-x)[A—12zx°) 1-2) 1-zx)1—x)

n(n+1)

1 g X(1-2) 1 -D"x 2 (2),
QT L i A Ll e Lo i i e
—ﬁ{l (1-(1-2) x—(1-2)x*+..)}
—ﬁ{l L—x=x*+x°+..) A+ 2x+ (z+ 2H)X* +...)}
_ 1 o (1—x)(1—x22)(1—x3z_... 1= 1 a- (x)w} 3 part.

1-2) 1—29)@0—zx7)(L-zx%)..... (1—2) (zx),,

ut i(—l)”x 2 (2)n _ (%),

o (a2, (X [Andrews (1976)]

n(n+1)
(-D"'x 2 _ 1 (%)

ZFFW(Z n)x" = Z(l 200 -(1_2){1 ) }.Hence The Theorem.

Theorem 2: FFW (z,n) = > ()" 1+ z+....+2°™7).
‘kiﬂzzns(n).
Proof: We get: i oy (0= (0]
z? ) z3

2{1—(X)@}+(1_ ){(1— X) = (X), .3+ m{(l—x)(l—x )_(X)""}+(1—x)(1—x2)(1—x3)

{@—0@Q-x)A=x*) = (X), 3+ ...
:{1—(x)w}+z{l—(l—xz)(l—x3)....}+22{1—(1—x3)(1—x4)....}

={1—(X) 3+ 21— (X% %) 3+ 22— (X% %)} +.... =Zw: - (x*% %)}

i FFW (z,n)x" = i 20— (x*"; %)}

We see that the co-efficient of z*X" in right hand side
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is Z(—l)#(ﬂ)fl(l 2+ 25

reD
|7=n
k+1<s ().
which is also co-efficient of z“x" in left hand side.

LFRW (zon) = Y (=) (A4 2+ + 2207 Hence the Theorem,

web
|l=n
k+1<s(r).
Corollary 2: FFW (1, n) = FFW (n)
n(n+1)
0 (_l)n—lx 2

Proof: We get; -
2 .- o)

=X+(+ )X+ 2+ )+ @+ 2+ X+ (1 P+ 2P+ Y+ (11 P+ P+ 2+ )X

or, Y FFW (z,n)x" =x+(1+2)x* + (2 + 2°)C + 2+ 22 + )X + (-1+ 22 + 2° + 2*)x° +

n=1

If z=1, we get;

D FFW (L,n)X" = X +2x% +2x° +3x* +2x° +4x° +

n=1

n(n+1)
_N (-D"'X 2 (byabove)
; (%), (@—x")

or, Y FFW(Ln)x" => FFW (n)x".

n=1 n=1
Equating the co-efficient of X" form both sides we get;
.. FFW (1, n) = FFW (n).Hence the Corollary.

5. CONCLUSION

In this study we have found the number of partitions of n into distinct parts with required conditions. We
have already shown the numbers of partitions for n =5 and 6 respectively and have found the number of

partitions from the relation FFW (n) = d (n) for any positive integral of n. We have proved the Theorem 1
containing two generating functions
n(n+1)

SEDx 2l {1_ (x)w}

Zx.a-o0)  (1-2)
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with the help of generating functions for partitions into n distinct parts with smallest part k and have
proved the Theorem 2 by taking the co-efficient from various two generating functions. Finally we have
established the Corollary FFW (1, n) = FFW (n) by taking z=1.

6. REFERENCES

[1] Andrews, G.E. (1976), The Theory of Partitions, Encycl. of Math. and its Appl. 1(2), Addison-Wesley,
Reading MA, (Reissued: Cambridge University press, London, New York,1985).

[2] Andrews, G.E. (2008), The Number of Smallest Parts in the Partitions of n, J. Reine Angew Math.
624: 133-142.

[3] Andrews, G.E.; Jimenez-Urroz, J. and Ono, K. (2001), g-series Identities and Values of Certain L-
Functions, Duke Math. J. 108: 395-419.

[4] Andrews, G.E .; Garvan, F.G. and Liang, J. L. (2013), Self-conjugate Vector Partitions and the
Parity of the spt-function, Acta, Arith., 158(3): 199-218.

[5] Fokkink, R.; Fokkink, W. and Wang, B. (1995), A Relation between Partitions and the Number of
Divisors ,Amer. Math. Monthly, 102: 345-347.

[6] Sabuj, D. and Mohajan, H.K. (2014a), Mock Theta Conjectures, J. of Env. Treat. Tech, 2(1): 22-28.

[7] Sabuj, D. and Mohajan, H.K. (2014b), Generating Functions for P(n, p,*) and P(n,*,p), Amer. Rev.

of Math. and Sta., 2(1): 33-36.

Http://www.granthaalayah.com© International Journal of Research -GRANTHAALAYAH [69-76]



