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Abstract: 

In 2013, Andrews, Garvan and Liang defined Self-conjugate S-partitions. In 2011, Andrews 

stated the definition of spt(n). This paper shows how to find the Self-conjugate S-partitions of 4 

and 5 respectively, and proves the Corollary-1 that is ‘The number of Self-conjugate S-partitions 

counted according to the weight w is congruent to the total number of smallest parts in all the 

partitions of n modulo 2’. This paper shows how to generate the generating functions for Msc(n) 

in different ways. This paper shows how to find the number of partitions of n with an odd 

number of smallest parts and a total number of even (respectively odd) parts, and shows how to 

find the number of partitions of n in odd parts without gaps, and also shows how to generate 

the generating functions for  )()( neAnoA   and  )n(
3

L)n(
1

L   respectively. This paper shows

how to prove the further three Corollaries with the help of examples, and shows how to prove 

the three Theorems by easy algebraic method.  

Keywords:  

Crank, congruent to involution, product notations, Self-conjugate, spt(n), weight. 

1. INTRODUCTION

We give some related definitions of P(n),Self-conjugate S-partitions, Msc(n), )(neA , )(noA ,

L1(n), L3(n), )x( , ,)
2

x;x(   ,)
2

x;
2

x(  and spt(n). We give two tables of the Self-conjugate

S-partitions of 4 and 5 respectively and introduce Corollary-1 in terms of Msc(n) and spt(n).

We discuss the various generating functions for Msc(n),  )()( neAnoA   and  )n(
3

L)n(
1

L 

and give some tables of the partitions of n with an odd number of smallest parts and of 

the partitions of n in odd parts without gaps. We discuss the number of Self-conjugate S-

partitions counted according the weight w, and give further three Corollaries in terms of 

 )()( neAnoA  ,  )n(
3

L)n(
1

L  and  Msc(n). Finally we prove the three Theorems with the

help of various generating functions. 

2. SOME RELATED DEFINITIONS

P(n)[7]:The number of partitions of n like  4, 3+1, 2+2, 2+1+1, 1+1+1+1 P(4) = 5 

Self-conjugate S-partitions [3,5]: 

Let D denote the set of partitions into distinct parts and P denote the set of partitions. The set of 

vector partitions V is defined the Cartesian product 
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 V = D  P  P. If S is the subset of V, 




)(1:V)({S 1,3,2,1  and )}.(),(min{)( 321  sss  Here )(s   is the 

smallest part in the partition with the convention that )(s  for the empty partition. We call the 

vector partitions in S simply S-partitions for ,s)( 3,2,1 


we define the weight 

thew ,)1()(
1)(# 1 




 Crank ,and)(#)(# 32132 












 When j  is the sum of the 

parts of j  and #  j  denotes the number of parts of  j   

 The map T: S  S given by,  

)(T)(T)(T 2,3,13,2,1 


is natural involution. An S-partition )( 2,3,1 


is a fixed point 

of T if and only if  2 = 3. We call these fixed points “Self-conjugate S-partitions”.  

The number of Self-conjugate S-partitions counted according to the weight w is denoted by Msc(n), 

So that, 

  



















)(

,

)()(

T

nS

wnM sc

 

Msc(n) :  The number of self-conjugate s-partitions counted according to the weight  w is denoted 

              by Msc(n), So that 

    





















)(

,

)()(

T

nS

wnscM

 

Ae(n) : The number of partitions of n with an odd number of smallest parts and a  

   total number of even parts. 

Ao(n) : The number of partitions of n with an odd number of smallest parts, and a  

   total number of odd parts. 

L1(n) : The number of partitions of n in odd parts with no gaps, and the largest part  

  is congruent to 1 mod 4. 

L3(n) : The number of partitions of n in odd parts with no gaps, and the largest part  

  is congruent to 3 mod 4. 

 

 

 

 

 

http://www.granthaalayah.com/


[Das *, Vol.2(Iss.3):December,2014]                                        ISSN- 2350-0530(O) ISSN- 2394-3629(P) 

 

   
Science 

INTERNATIONAL JOURNAL of 
RESEARCH –GRANTHAALAYAH 
A knowledge Repository 

 
 

Http://www.granthaalayah.com©International Journal of Research -GRANTHAALAYAH [52-62] 
 

 

Product notations [6]: 

)....
3

x1)(
2

x1)(x1()x;x(

)....
6

x1)(
4

x1)(
2

x1()
2

x;
2

x(

)....
5

x1)(
3

x1)(x1()
2

x;x(

)....
3

x1)(
2

x1)(x1()x(









 

 spt(n)  : spt(n) The total numbers of appearances of the smallest parts in all the partitions 

                    of n like, 

  n        spt(n) 

  1  1         1 

  2  2 , 1+1                    3 

  3  ,3  ,12    111         5 

  4  ,4  ,13    ,22     ,112    1111     10 

  ..............................................  

 

3. THERE ARE TWO TABLES OF THE SELF-CONJUGATE S-PARTITIONS  

  

   OF 4 AND 5:  We get; 

                                    Table-1 

Self-conjugate S-partition of  4 
Weight w )(



  Crank )(


  

),,4(1 


 
+ 1 0 

),,13(2  


 
-  1 0 

 
0)( 



w  
 

 

 Msc(4) = 0. Here we have used   to indicate the empty partition. Again; 

                                         Table-2 

Self-conjugate S-partition of 5 
Weight w )(



  Crank )(


  

),,5(1 


 
+ 1 0 

)2,2,1(2 


 
+ 1 0 

)11,11,1(3 


  
+ 1 0 

),,41(4 


 
- 1 0 

http://www.granthaalayah.com/


[Das *, Vol.2(Iss.3):December,2014]                                        ISSN- 2350-0530(O) ISSN- 2394-3629(P) 

 

   
Science 

INTERNATIONAL JOURNAL of 
RESEARCH –GRANTHAALAYAH 
A knowledge Repository 

 
 

Http://www.granthaalayah.com©International Journal of Research -GRANTHAALAYAH [52-62] 
 

),,32(5 


 
- 1   0 

,12(6 


)1,1    
-1 0 

 
0)( 



w  
 

 

 Msc(5) = )(
6

1 ii
w  

 = 1 + 1 + 1 – 1 – 1 – 1 = 0. 

  Corollary-1  )2)(mod()( nsptnM sc   

   Proof:   From above table we get; 

  1)3(,1)2(,1)1(  scscsc MMM ,..... 

 )2(mod15)3(),2(mod11)3(  sptM sc  

 )2(mod010)4(),2(mod00)4(  sptM sc  

    ............... 

 We can conclude that, 

 )2)(mod()( nsptnM sc  . Hence the Corollary. 

 
4. NOW WE DESCRIBE THE GENERATING FUNCTIONS 

  The generation functions for Msc(n) are given by  

 









)x;x(

)x;x(x
2n2

1nn

1n  










 
)x;x(

)x;x(x

)x;x(

)x;x(x

)x;x(

)x;x(x
26

43

24

32

22

2

 

...)xxxx(....)xxx(....)xxx( 54737524 6

  

.....x.0x.0xxx( 5432   

....)5()4()3()2()1( 5432  xMxMxMxMxM scscscscsc  

 n

scn
xnM )(

1



 .   












  
);(

);(
)(

22

1

11 xx

xxx
xnM

n

nn

n

n

scn
. 

 Again, we get; 

 
)x1(

)x;x(x

)x;x(

1
n

1n

n

1n












 

 
  




















 ....

x1

)x1)(x1(x

x1

)x1(x

x1

x

)...x1(x1

1
3

23

2

2

2
 

= ....)xxx.....xxxxx....)(xxxx1( 4326543543   

  ........x5x4x3x2xxxxx1 5432543   

......x.0x.0xxx 5432   

.....)5()4()3()2()1( 5432  xMxMxMxMxM scscscscsc  
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=


1

)(
n

n

sc xnM . 

       
 

 
 n

n

n

n

n

scn x

xxx

xx
xnM






 






 
1

;

;

1
)( 1

11
. 

 Again we get; 
 
 n2

2n1n

1n
x;x

x1






  

    
......

x1x1

x

x1

x
3

4







  

  ....)x1....)(xx1(xxxxxx1x 3245432   

......x.0x.0xxx 5432   

......))5()4()3()2()1( 5432  xMxMxMxMxM scscscscsc  

n

scn
xnM )(

1



 .   

n

nn

n

n

scn xx

x
xnM

);(

)1(
)(

2

1

11

2









   

 Also we get;  
 

    

  xx

x;x

1
n2

n

220n  

 













2

22
2

x1

)......x1)(x1()x1)(x1(
).....x1)(x1(1  

.....
)x1)(x1(

)....x1)(x1)(x1()x1)(x1)(x1)(x1(
42

32432













  

.......x.0x.0xxx 5432   

......))5()4()3()2()1( 5432  xMxMxMxMxM scscscscsc  

n

scn
xnM )(

1



 .    








  )(

);(

1
)( 22201

xx
xx

xnM n

n
n

n

scn
. 

 The partitions of 5 with an odd number of smallest parts are in the table 

                                     Table-3 

Partition )(  of 5 # )(  

5 1 

4+1 2 

3+2 2 

2+2+1 3 

2+1+1+1 4 

1+1+1+1+1 5 

  

 We see that Ao(5)=3, and Ae(5)=3.   A0(5) - Ae(5)=0. 

 The partitions of 6 with an odd number of smallest parts are in the table 

                                              Table-4 

Partition )( of 6 # )(  

http://www.granthaalayah.com/


[Das *, Vol.2(Iss.3):December,2014]                                        ISSN- 2350-0530(O) ISSN- 2394-3629(P) 

 

   
Science 

INTERNATIONAL JOURNAL of 
RESEARCH –GRANTHAALAYAH 
A knowledge Repository 

 
 

Http://www.granthaalayah.com©International Journal of Research -GRANTHAALAYAH [52-62] 
 

6 1 

5+1 2 

4+2 2 

3+2+1 3 

3+1+1+1 4 

2+2+2 3 

 

 We see that A0(6)=3, Ae(6)=3.    A0(6) - Ae(6)=0, 

Similar, we get; 

A0(1)- Ae(1)=1- 0=1 

A0(2)- Ae(2)=1- 0=1 

A0(3)- Ae(3)=1- 0=1 

A0(4)- Ae(4)=1-0=1 

....................................... 

The generating function for  )()( neAnoA   is given by 









)x;
1n

x(

1
.

)
n2

x1(

n
x

1n
  

)...
4

x1)(
3

x1)(
4

x1(

2
x

)....
3

x1)(
2

x1(

1
.

)
2

x1(

x





 .....

)...
5

x1)(
4

x1)(
6

x1(

3
x




  

....
7

x
6

x.0
5

x.0
4

x.0
3

x
2

xx   

...
3

)}3()3({
2

)}2()2({)}1()1({  xeAoAxeAoAxeAoA  

      .)}()({
1

n

eon
xnAnA 




  

Corollary-2:  A0(n)- Ae(n) = Msc(n) 

Proof: We get, the generating function for (A0(n)- Ae(n)) is 

 )()(
01

neAnA
n





 
 







x;

1n
x

1
.

n2
x1

n
x

1n
n

x  

....
)....

5
x1)(

4
x1)(

6
x1(

3
x

).....
4

x1)(
3

x1)(
4

x1(

2
x

)...
4

x1)(
2

x1)(x1(

x









  

....
)....

2
x1)(x1)(

3
x1(

)
2

x1)(x1(
3

x

).....
2

x1)(x1)(
2

x1(

)x1(
2

x

)...
2

x1)(x1)(x1(

x













  

)...
3

x1)(
2

x1)(x1(

1


  

























...

3
x1

)
2

x1)(x1(
3

x

2
x1

)x1(
2

x

x1

x
 




)x;x(

1
 n

x1

1n
)x;x(

n
x

1n 








 n
xnscM

n
)(

1



  

 Equation the co-efficient of nx from both sides we get; 
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A0(n)- Ae(n)= Msc(n).  Hence the Corollary .              

 The partitions of 5 in odd parts with no gaps are in the table 

                               

                                     Table-5 

Partition )(  of 5 Largest part 

3+1+1 3 

1+1+1+1+1+ 1 

 

We see that ,1)5(
1

L    1)5(3L  .  011)5(
3

L)5(
1

L  . 

The partitions of 6 in odd parts with no gaps are in the table 

                                 Table-6 

Partition )(  of 6 Largest part 

3+1+1+1 3 

1+1+1+1+1+1 1 

 

We set that ,1)6(
1

L    )6(
3

L =1. .011)6(
3

L)6(
1

L   

Similarly we get; 

 101)1(
3

L)1(
1

L   

101)2(
3

L)2(
1

L   

101)3(
3

L)3(
1

L   

011)4(
3

L)4(
1

L   

................................... 

The generating function for  )n(
3

L)n(
1

L   is given by 

 

 n2
x;x

2n
x

1n
1

1n








 
  

......
3

x1x1

4
x

x1

x






  

  ...........)
3

x1....)(
2

xx1(
4

x....
5

x
4

x
3

x
2

xx1x   

......
7

x
6

x.0
5

x.0
4

x.0
3

x
2

xx   

...
3

x)}3(
3

L)3(
1

L{
2

x)}2(
3

L)2(
1

L{x)}1(
3

L)1(
1

L{   

       n
x)n(

3
L)n(

1
L

1n





 . 

Corollary-3  A0 (n) - Ae (n)   =  L1 (n) – L3 (n) = Msc (n)  

Proof: From above we get;  A0 (1) - Ae (1)   =  1 =  L1 (1) – L3 (1) and  Msc (1) = 1 

A0 (2) - Ae (2)   =  1 =  L1 (2) – L3 (2) and  Msc (2) = 1 

A0 (3) - Ae (3)   =  1 =  L1 (3) – L3 (3) and  Msc (3) = 1 

 .......................................................... 

 We can conclude that, 

A0 (n) - Ae (n)   =  L1 (n) – L3 (n) = Msc (n). Hence the Corollary .  
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  Corollary-4   A0 (n) - Ae (n)   =  L1 (n) – L3 (n)   spt(n) (mod 2) 

 A0 (1) - Ae (1)   =  L1 (1) – L3 (1) = 1  1 (mod 2) and spt (1) = 1  1 (mod 2) 

 A0 (4) - Ae (4)   =  L1 (4) – L3 (4) = 0   0 (mod 2) and spt (4) = 10  1 (mod 2) 

 A0 (6) - Ae (6)   =  L1 (6) – L3 (6) =  0  0 (mod 2)  and spt (6) = 26  0 (mod 2) 

 ................................................................................ 

 We can conclude that, 

 A0 (n) - Ae (n)   =  L1 (n) – L3 (n)   spt(n) (mod 2). Hence the Corollary.  
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5. CONCLUSION 

We have shown all Self-conjugate S-partitions of 4 and 5 respectively, and have satisfied 

the Corollary-1 )2)(mod()( nsptnM sc   for any positive integral value of n. We have 

shown the partitions of n with an odd number of smallest parts for n = 5 and 6, and also 

have found the partitions of n in odd parts with no gaps for any positive integral value of 

n. We have introduced further three Corollaries in terms of Msc(n) and spt(n) respectively 

and have proved three Theorems of Self-conjugate S-partitions with the help of various 

generating functions. 

 
6. ACKNOWLEDGMENT 

It is a great pleasure to express my sincerest gratitude to my respected Professor Md. Fazlee 

Hossain, Department of Mathematics, University of Chittagong, Bangladesh. I will remain ever 

grateful to my respected Late Professor Dr. Jamal Nazrul Islam, JNIRCMPS, University of 

Chittagong, Bangladesh. 
 

http://www.granthaalayah.com/


[Das *, Vol.2(Iss.3):December,2014]                                        ISSN- 2350-0530(O) ISSN- 2394-3629(P) 

 

   
Science 

INTERNATIONAL JOURNAL of 
RESEARCH –GRANTHAALAYAH 
A knowledge Repository 

 
 

Http://www.granthaalayah.com©International Journal of Research -GRANTHAALAYAH [52-62] 
 

7. REFERENCES  

[1] G.E. Andrews (1985) The Theory of partitions, Encyclopedia of Mathematics and its 

      Application, Vol.2 (G-c, Rotate) Addison, Wesley, Reading, mass 1976 (Reissued, Cambridge 

      University Press, London and New York 1985 ). 

 [2] G.E Andrews. F.G Garven and Jie Liang Self-conjugate vector partitions and the parity of  

       the spt-function, Acta Arith. 158,(2013),199-218. 

[3] G E Andrews, F. G.Garvan, and Jie Liang Combinatorial Interpretations of congruences for 

      the spt-function, October 6,2011, preprint http:// ww.math.ufl.edu 

 [4]  G E Andrews J. Jimenez-Urroz, and K.Ono, q-series identities and values of certain 

L- 

             functions, Duke Math J. 108(2001), 395-419. 

[5] G H. Handy and E.M. Wright, Introduction to the Theory of Number, 4th Edition, Oxford 

             Clarendon Press, 1965  

      [6]  Sabuj Das and Haradhan Kumar Mohajan, Mock Theta Conjectures, J. of  Env. 

Treat.Tech,2014, Vol. -2, Issue 1,Pages 22-28. 

[7]   Sabuj Das and Haradhan Kumar Mohajan, Generating Functions For P(n,p,*) and P(n,*,p), 

       Amer.Rev.of  Math.and Sta. Vol 2,No.1, March 2014. 
 

 

http://www.granthaalayah.com/

