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b e In this paper, we discuss a new approach to find the sequence of Balancing Numbers. We
updates discuss some properties of two special sequences {u, } and {v,} related to the sequence
of Balancing Numbers. W investigate the relations of these sequences with the sequence

of Balancing Numbers. Also, we give some new identities of Balancing Numbers.
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1. INTRODUCTION

Balancing numbers is a natural number B which satisfies the equation:1 +2+3+ -+ (B—-1)=(B+ 1)+ (B +
2)+ -+ (B + k), where k is called balancer. For example, B = 6,35,204 are balancing numbers and k = 2,14,84
respectively are balancers. A. Behera and G.K Panda [1] introduced the concept of balancing numbers in 1998.

The concept of balancing numbers is closely related with the established triangular numbers. The positive integer
B is called balancing number if and only if B? is a triangular number. Even if from the definition of balancing numbers,
balancing numbers are positive integers greater than 1, 1 is accepting as balancing number. A. Behera and G.K Panda [1]
proved that the sum of first odd n balancing numbers is equal to the square of the nt" balancing number, just like sum of
first odd n natural numbers is n2.

The search for balancing numbers is well known integer sequence was first initiated by Liptai [2]. He proved that
there is no balancing number in the Fibonacci sequence other than 1. He further showed that sequence balancing
numbers in odd natural numbers are the sums of two consecutive balancing numbers.
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Properties of Sequences Related to Balancing Numbers

2. BALANCING NUMBERS

The following theorem shows the new approach of finding the sequence of Balancing Numbers.
2.1. THEOREM

If B, is the nt" Balancing Number, then B,, = u,,v,, where v, + u, = (1 +v2)".

Proof: Let B, is the nt"* Balancing Number, then

1+243++B,—-1)=@B,+1D)+ (B, +2)+ (B, +3)+---+(B + k,), for some k,, €N

Bn=1 Bn+kn
=1

(B~ DB, _ (B +kn)(B +k +1) _ Bu(Bat+ 1)

h 2 2 2

~B?—-B,=B?+2B,K,+k?*+B,+k,—B?—B,
=~ kZ+ (2B, + 1)k, — B,(B, —1) = 0--- (1)

Equation (1) is a quadratic equation of k,,.
—(2B, +1)++/8B2+1
2

kn =

But k,, is a positive integer,

_ \8BZ+1-(2B,+1)

n — 2 +(2)
As k,, is a positive integer, 8B2 + 1 must be a perfect square of an odd integer.
Let 8B2 + 1 = (4m,, + 1)? for some m, € N
.~ B2 =m,(2m, + 1).
~m,(2m, + 1) is a perfect square, but gcd(m,,2m, + 1) =1

~ Both m, and 2m,, + 1 are perfect squares.
Letm, = u?%and 2m, + 1 = v?

S v2—2uk =41 = (3)
If (v, uy,) is the nt" solution of the equation (3), then

v, +V2u, = (1+\/§)n,n€N
Now from equation (3), B = m,,(2m,, + 1) = u2v?
“ By = upvy,

= If By, is the n‘" Balancing Number, then
B, = u,v,, where v, +2u, = (1 + \/E)n,n EN [ |
Now, Let C,, = B, + k,

/83,21+1—(23n+1)

2
(4mu+1)—(2Bp+1)

2
4uZ+(-1)"—2uv,—1
2

~ Cp =upv, +

=u,v, +

= Uyv, +
_ aud+(-1)"-1
2
o Cp, = 2u?,ifnis even
=2u2 — 1,ifnis odd.
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First Few Balancing Numbers are Shown in yhe Following Table.
Table 1 First Seven Balancing Numbers

n Uy, Vp B, = u,v, (o

1 1 1 1 1

2 2 3 6 8

3 5 7 35 49
4 12 17 204 288
5 29 41 1189 1681
6 70 99 6930 9800
7 169 239 40391 57121

Now we know that B, = u,,v,, where v, + V2u,, = (1 + \/E)n,n EN

Bn+1 = Un+1Vn+1s where Vpyr T \/Eun+1 = (1 + \/E)n+1rn €N
“ Vper + V2Upr = (1+V2) (1 4+V2)
= (vn + \/Eun)(l + \/5)
= Quy, + vy) + V2(u, + vy)
S Uy = Uy +Vpand Vg = 2Upy + U = Uy Upys = (4)
Also it is well-known that B; = 1,B, = 6 and B,,,; = 6B,, — B,,_, forn > 2 [3].

3. PROPERTIES OF SEQUENCE {u, }:
3.1. THEOREM

For the sequence {u,}
1) uyy=1u,=2andu, =2u,,_1 +u,_,forn>2

n_pn

2) u, = i , wherea and f3 are the roots of the equation x? — 2x — 1 = 0.

Proof: (1)
We have u,, = up,_1 +vy_1
= (Up—p + Vy_2) + Cuy_y +v,_,) fromresult (4)
= 2(Up—2 + Vp-2) + Up
= 2Up—1 + Up—
(2)Wehaveu, =2u,,_ 1 +uy_p U, —2Up_1—Uy_, =0
Letu, = Ax™, where A is a constant.
W AXT —2AxMT —Axm2 =0 Lx?2-2x—1=0
Let @ and f are the roots of the above equation.
s~ U, = Aa™ + BB"™, where A and B are a constants.
Forn=1u, =A4a+Bf -~Aa+Bf=1
Forn =2,u, = Aa? + Bf? .~ Aa?+Bp?=2
2-B a-2

dB =
a(a-p) " Bla-p)

Solving these two equations, we have A =

2- n a—2 n
Uu, = a
" a(a-p) B(a—ﬁ)ﬁ
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aa” . Bp"
a@p T Bap CETE=2)

_ at—pn -
a-pB

3.2. THEOREM
Forallm,n € N, (1) gcd(up, uns1) =1, (2) Uppan = Um—1Un + UnUpniq-
Proof: (1) Let gcd(up, upy1) =d = d|u, and d|uy1d| (U1 — 2u,)d|Up—q
similarly d|u,, and d|u,,_1d|u,,_,
By Continuing this process, d|u,d|1d = 1
(2) We will prove this result by induction on n.
Forn =1, uy,_ju; + uuy = Uy + 2Uy = Upyy1 -~ Theresultis true forn = 1.
Let the resultis true forn < k
S Umk-1 = Um—1Ug—1 F UnUg and Uy = Uy Uge + U Uptq
Now forn =k + 1,

Umtk+1 = 2Umtk T Umtk-1
= 2(Um-1Uk + UmUps1) + U1 Upe—q + Uyl
= Um-1 QU + Up—1) + U (2Up4q + Ug)
= Up—1Ug+1 T UnUks2
Therefore the result is true for all n. [ |

3.3. THEOREM
For the sequence {u,}
1) u,,, is divisible by u,,, for allm,n € N.
2) Ifm = gn + r, then gcd (uy,, u,) = ged(u,, uy) forallmn € Nym > n.
3) gcd(upy, u,) = ug whered = ged(m,n) forallm,n € N.
Proof: (1) We will prove this result by induction on n.
For n = 1 the result is true. Let the result is true for n < k.
Now forn =k + 1, Up (k1) = Umk+m = Umk—1Um + UmkUm+1
But up [ume = Um|Umk+1)
(2) ged(um, uy) = ng(uqn+r: up) = ng(uqn—lur + Ugnlrs1, Up)
= god (Ugnorttr, tn) (U iign)
=ged(ur, uy) (* unluqn and ng(uqn: uqn—l) =1)
(3) Let m > n. Applying the Euclidean algorithm to m and n, we have

m=qn+nrn, 0<rn<n
n=q,r+1r, 0<nr,<n
T‘1=q37'2+7'3 0<T3<T2

Thez = Qptp—1 + 1 0<1 <1y

Tn1 = qnt1Tn + 0
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~ged(Upm, Uy) = ng(url:un) = ng(url'urz) == ng(urn_l'urn)
Butr, |r 1wy, Uy, ged(uy, ,up) =u, =ugasmn, =gcd(mmn) =d
~ ged(Um, Uy) = Ug u

3.4. THEOREM

For the sequence {u,}
1) urzl —Upp1lUp-1 = (_1)11—1_
2) UpipqlUpgz — Uplpgz = 2(_1)71_
3) UpUppiUnaaUnes + 1is always a perfect square.

4) uy,, = 2B,.
5) Uzpt+1 = Bny1 — By
Proof: (1)

urzz — Upt1Up—1 = Un(CUp—1 + Up—2) — Upt1Up—1
= —(Un+1 — 2Un)Up—1 F Uplip—2
= _u121—1 + uplp_;
= (_1)(1‘%—1 — UplUp-2)
Continuing this process, after n — 2 steps we get
U = UngrlUn_g = (D25 — uzwy)
=(-D"?(4-5)
— (_1)11—1
(2)
Un+1Un+2 — UnUn+3 = Upp1lUnsz — Un(2Uny2 + Uptr)
= Unyz2(Ungr — 2Up) — Uplnyy
= Up42Un-1 — UpUn4a
= (2un+1 + Up)Up—1 — U (2Up + Up—4)
= 2Up4qUn-1 F Uplp-1 — 2“721 — UpUp-1
= _Z(Zurzl — Un41Un-1)
— _2(_1)1’1—1
=2(=-D"
(3)
UnUnt1Uni2Un+3z T 1 = Uplnz) Unirlngz) +1
= (Uns1Unsz — 2D (Unp1tingz) +1
= (un+1un+2)2 = 2(—D"UpsqlUn4z + 1
= (un+1un+2 - (_1)11)2
(4) By substituting m = n in the result u,;, 1, = Up,—un + Uy Uy, 41, we have
Upsn = Up—1Un T Uplpyg
Upp = Up(Un—1 + Uns1)
= Up(Un-1 + Up + V)
= Up(Vy + vp)
= 2upy vy,
= 2B,
(5) The result is true for n = 1. Let the result is true for n < k.
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“ Uzk+1 = Byy1 — By
Now forn = k + 1, we have

Uzk+3 = UQk+1)+2
= UggUz + Upk41Us
(2B)2 + (Bg+1 — Bi)5S
= 5By+1 — By
= 6Br+1 — Bx — B+
= B4z = Bi+1
Therefore the result is true for all n. [ |

3.5. THEOREM
1) U1+U3+u5+...+u2n_1 :Bn
2) u2+u4+u6+...+u2n=uz%1—1

_ Un41tup—1

3) uytu,tuz+-+u, = 5
4) uf +Ufyr = Upnag
5) uf+u§+u§+---+u,21=%
Proof: (1) We know that uy,,,1 = Bp4y1 — Bn-
- Upn—1 = By — Bpg
Upn-3 = Bp—1 —Bp—
Upn-s5 = Bz — Bp3

us3 =B, — By
Adding these results, we have,
Uz +uUs + -+ uUy,—1 =B, — B
SU tUuztus+ ot uy, =B, (vuy =B =1)
(2) We know that u, 1 = 2u, + u,,_y forn > 2. = 2u, = upy41 — Up_1-
By substituting 2n in place of n, we have
2Uyp = Uzpt1 — Upn-1
2Upp—p = Uzp-1 — Uzn-3

2Upp_g4 = Upp_3 — Ugp_s

2uy, = ug — uj
2Uuy; = Uz — Uy
Adding these results, we have,
2Uuy + 2uy + 2ug + -+ 2Upy = Uppyq — Uy

Uzn41—1
2

(3) We know that u, ., = 2u,, + u,_4 forn > 2.

~2Up = Uy — Up—g

~'-u2+U4+u6+"'+uZn:

2Up_1 = Up —Up_

ShodhKosh: Journal of Visual and Performing Arts 1798


https://www.granthaalayahpublication.org/Arts-Journal/index.php/ShodhKosh

S.]. Gajjar

2Up_p = Up-1 — Up—3

2Uuy = U — U3
2Uz3 = Uy — Uy
2u; =uz —uy
Adding these results, we have,
2Uy + 2uz + 2uy + -+ 2Upy = Upyq T U, — Uy —Ug
2uq + 2uy + 2uz + 2uy + o+ 22Uy = Upyq U, — Uy — U+ 2Uy

.'.u1+u2+u3+~-~+un=%u“_1 (~u,=1u, =2)

(4) We know that w1y, = Upm_1Up + U Unsq-
By substituting m = n + 1 in the above result, we have
Unt14n = Upln + UnpilUnig. = Upppr = uTZL + u%+1'
(5) From the above result, we have,

UL+ Uf_g = Uppg

Upg F USR5 = Uppg

2 2 —
Up-2 + Up-3 = Uzn—s

uf +uj =us
u +u? =uy
Adding these results, we have,
w2l +ud+ ot ud Dt udi =ustus+u; o+ upy g
L2 uS AU+t ud) =g Uz Fus Fuy o Uppog U
Uzn 2
=224
2 n
_ Upp+2ub
2
_ Un—1Un+Unlng1+2Ud
- 2
— UpUn+1+HUn 2Up+Up—1)
2
— UnpUn+1+tUnlnsg
2

= UplUn+1

Unu
suftud tuf e tuf =2 ]

4. PROPERTIES OF SEQUENCE {v, }
4.1. THEOREM

For the sequence {v,,}
1) vwy=1v,=3andv, =2v,,_; +v,_,forn > 2

_ (ln+,8n . 2 _
2) v, = ——— wherea and f are the roots of the equation x* —2x — 1 = 0.

a+f
Proof: (1)
We have v, = 2u,_1 + v,
= 2(Up—2 + Vp—2) + Vny
=2Uy 5+ 2V, 5, +V,_4
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=2Up—2 + Vpp + Vpp + Uy
=Vn-1+Vn—2+tVnq
=2vp1 +Vp
(2) The proof of this property is similar to the proof of the corresponding property of sequence {u,, }.
]

4.2, THEOREM

For the sequence {v,}
1) ged(vn, vn41) =1
2) VF = Vpo1Vpyr = 2(=D™
3) Vn41Vn4z — UnUnsz = 4(-D™
4) VpVp41Vna2Vne3 + 4 is always a perfect square.

Proof: The proofs of all these properties are similar to the proofs of the corresponding properties of sequence {u,}.
|

4.3. THEOREM
For the sequence {v,}
1) 2v2y = Bp41 — Bp-1.
2) Van+1 = Bpi1 + By
Proof
(1) Wehave vy, = uy,_q + Usp
~2Vn = 2Uppoq + 2Upy
= 2(By = Bp-1) + 4B,
= 6B, — 2B, _1
= 6B, —Bp_1 — B
= Bn+1 — Bp-1
(2) Wehave vy,41 = Uzp + Usp4a
= 2Bn + Bpy1 — By
= Byi1 + By

4.4. THEOREM
-2

B —Bp—
1) v1+v3+v5+...+v2n_1:%

Bny1+Bn—1

2
Vnt1tvn—1

2
Proof: (1) We know that vy, = 2v,,_1 + vap_s.

2) vytva gt Uy, =

3) vi+v,tvztty, =

S 2Vppq = Vo — Vanoa
2Vyp_3 = Vypn_g — Vap_a

2Von_5 = Van—4 — Van—s

2V5 = Vg — Uy
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2173 = U4_ - 172
Adding these results, we have,
2(U3 + 175 + Uy R v2n_1) = vzn — U,

f2wt vt vs v+t vg) =V, — 1
Yan=1 _ 2Vn—2 _ Bn+1-Bn-1-2
2 4 4

CV U3+ U+ U+ Uy =
(2)
Weknowthat 2v,, = Bj4+1 — Bp—1
 Lisp 2Vy; = Xi=p (Biy1 — Bi-1)
= (B3 —B1) + (B4 — Bz) + (Bs — B3) + -+ (By — By—2) + (Bp+1 — Bn-1)
=Bpi1+ By —B; — By

=Buy1+B,—4
“ X1 2V5 = Bpyy + By — 7 + 21,
=Bpy1 + By —1
Z?:l vy = Bn+1‘;Bn_1
(3) The proof of this property is similar to the proof of the corresponding property of sequence {u,,}. [ |

5. CONCLUDING REMARKS

In this paper, we have discussed a new approach of finding the sequence of Balancing Numbers. We have found
some properties of two special sequences {u,} and {v,} related to the sequence of Balancing Numbers. Also we have
found some relations of the sequences {u, } and {v,} with the sequence of Balancing Numbers. Such more relations can
also be found and it is an open area of research.
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